Chapter 4

Conservation of mass and momenturm



Continuum

Continuum: a region of material space throughout which properties such as
velocity, temperature, density, and composition vary in a mathematically
continuous manner

p = Iimi—? at any point asAV —0
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Control volume

Fluid flows across the surfaces of dV, carrying mass in and out of the volume

Any change of mass within the volume 4 x Parcel
0 |_
dm=\||— |pdV |dt
ot
d'x2
Mass rate of flow across a surface dx,
X3
= density * volume rate of flow Figure 4.1.1 Volume element for derivation of the continu-
ity equation.
0\ _
Y pdV =[pudx,dx;], o —[pudx,dx;], _,,

+[pu,dxdx;], o —[pu,dx,dx,]

X9 :de

+ [pu3dx2dxl]x3:o —[puydx,dx,]

X3 :dX3



Continuity equation

op [pul]xlzo _[pul]xlzdxl N [puz]xzzo _[pMZ]xzzdxz N [pus]x3=o _[pus]xBde3

Ot dx, dx, dx,

dp _ | Opu N opu, N opu,
ot Oox, ox, Ox4

(for any vector A)

Table 4.1.1 Components of the Divergence Operator

8_'0: _(apul + a’ouz + apu:”j Cartesian

ot 0xy 0x, OX4 P Y 418
Cax oy oz (4.1.32)
a_p: -V ,OU Cylindrical
ot 18(rA,) 104, 0JA,
V-A=-~ + -~ + (4.1.8b)
. . . roor r a6 9z
For incompressible fluids
Spherical
. = P ZA .
V-u=0 VoA :_13 (r*A,) N 1 3(Apsin 6) N 1 04y (4180)

re or rsin 6 a6 rsin 6 d¢




Deformation in a fluid

Figure 4.2.1 Deformation in the region near the point Q.

]a’x3 +0(dx,)’

Rate of deformation Rigid-body rotation
tensor



Summation convention

Drop the summation sign and adopt the convention of summing over any
subscript that is repeated in a product

S(A. .
du, =du, +du,, = Z( 2” + 2” jdxj

=

— 1
du,, =5 o,dx,

140

du, dx, =du, dx,+du, dx,+du, dx, =0



Stress In a fluid
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T=|imd—F as d4 — 0
dA

Sign convention: the stress T, due to the action of material on the positive
side of the surface, acting on material on the negative side, is positive if the

direction of the line of action is along negative X;



Sum of the forces into the control volume in the x, direction
S1o = (Tydx,dxy + T pdx,dx, + T ydx,dx,),
Sum of the forces out
Siar = (Tyudx,dxy + Tpdxydxy + Tipdx,dx, ) ,,
Net forces in the x, direction
Sy = (Sio = Siay) = (T = Ty, ) dodxs + (T = Tig 4, ) X1

+ (T30 = Tis 0, ) dxydx, T o_T o7,

_ vy
110~ f11ag dx,

ox,
S, =— Ol dx,dx,dx; — 0Ly dx,dx,dx; — Ohs dx,dx,dx,

X1 X X3



When fluid crosses the surface of the volume element, that flow carries
momentum in (or out) of the volume

Rate at which momentum crosses the surface
= momentum density * volume flow rate normal to the surface

Summing the flows across the three orthogonal faces at the corner x=0

Cro = (puy )(uydx,dxy) + (puy )(u,dx,dx;) + (pu, )(uzdx, dx, )

(puyu,), = (pugu,),. —dei for i=120r3
: "

1

Net rate of flow of momentum (in the x, direction) that crosses all six faces
of the surface

C=Co—C, = —deldxzdx3 — dezdxldx3 — %a’)@dxldx2

X, ox, X,

Convective flow of momentum (in the x1 direction)



0
Time rate of change of momentum 4, = 5(pu1)dx1dx2dx3

Body force acting on the fluid in the x, direction B, = (po.f,)dx,dx,dx,

time rate of change of momentum

= sum of forces + sum of convective flow of momentum
In the x, direction

A =S,+B+(C

_a(Pulul)+a(p“1”z)+5(P”1“3):|_(pf)_|:8Tn +(9le 8T13_
=\PJ1

0
— (pu,) + +
ot Ox, ox, dx, ox, Ox, Oxg |

g(pul) + a(louzul) + a(louzuZ) + 8(puzu3) — (,Of;) _ az:l + 81—;2 + 87-;3
ot | Oxy ox, dx, ox, 0Ox, Ox5 |
0 ou, ou, ou, o, oT, oT,
p| =) tuy—tu, —+us—— | =(pf)) | T+
ot Ox, ox, dx, ox;, Ox, Ox,

ot

p|:6—u+u'vu} i:pfi_[V'T]i




V-u=0 p B—l;+u -Vu} =pf —[V-T]l. 4 equations; 3+9 unknowns

Constitutive equation; Newtonian fluid

Iy = [p+5u(V-UIS; — ph; = p'S; — uA, ’
General definition of the Newtonian fluid

Normal stress T, = p'—uA, (and similarly for 22 and 33)

Shear stress T, =—uA,, (and similarly for 13, 23, etc.)

Stress components are symmetric 7, = T,

1+3+6 equations; 1+3+6 unknowns

ot

The Navier - Stokes equation

Isothermal incompressible flow
p {

a—u+u 'VU:| =—[Vp], -I-lLl[VZU]l. +pf,



Table 4.3.1 The Navier-Stokes Equations for Newtonian Isothermal Incompressible Flow

Rectangular (Cartesian) Coordinates (x, y, z)

X component

ey Aty Oy duy op Ou,  u, Bzu_r)
S ru—tu,—+ =-Py =+ —=+—=)+ 4.3.24a
P ( ot ey Ty T az) ax P\ T a7 Tz ) TP ( )

y component

o ou ou du F) *u, u, u
— - —y+u—y+u—y)=——p+ ( 2+ —F + —= | + pg 4.3.24b
p( ar My T dy  °dz Ay B\ 7 92 7 oz PEy ( )

Z component

du, du, du, du, op u, ou, Bzm)
fu—+u—tu,— =Ly ZF+—+— )+ 4.3.24c
P ( ar M ax WGy T a7 M \ax2 T a2 T o) T P8 ( )

Cylindrical Coordinates (r, 6, z)

r component

au, ou, ugzou, ud du, ; *u, duy, d*u,
,0( 4o S W n W>:_6_p+M(d|i1;r( r)] 1 2 Uy

— - = —|= AL Rl +
o Yar Trae v %y ar or 208 126 azz) Per
(4.3.24d)

@ component

s Oy UgOUy UMy Oy 1op 1o 1 0%y | 2 0u, 9 uy
S, T e I ) =2 (22 SRR R S
’0( a  “ar rae % Gz) roe “\or|ror (ri) P P og  az2)  PE
(4.3.24e)

Z component

du, du,  uydu, du, ap 19/ ou, 1 0%, o°u.
—tuy—t——tu,—l=—"T+pul-—lr—)+s5s—+ + 4,3.24f
p( at  “or 7 a8 “: 0z 3z K\rar\"or r?ag*  az? Pge )




Drag flow between long concentric
cylinders

Goal:

1. to find a solution for the steady state velocity vector
2. to develop a model of the relationship of the steady
torque required to maintain the rotation as a function of
geometry and of the liquid viscosity

L>>R

i z ,h‘ . Isothermal incompressible Newtonian fluid
" b L Lf

== ¢’

Assumptions 1. Steady state -> 0/0t =0 01060 =0;u, =0
2. Concentric cylinder & laminar flow -> independent
of angular position; no radial velocity

3. No motion in the z direction -> no flow in z direction, angular velocity

does not vary in z direction, but depends only on r y =0



Aty ETA u_ﬁa.,_u_g e\ ap a 1a/ 2 iy a/)
p(;;rZ-F”' r | r/a0 r+u:az)_ ar+'u(ﬂr|:rﬂr[/(]] Y T AT /éz

- - (4.3.24d)

2
_p o _ _ 0P There is a radial pressure gradient due to
or  centrifugal acceleration

T P R
p(%+u%+%+u;§)=ﬁ+ rar/@./a" I/ﬁ;% BK +pg (4.3.24f)

ol1¢o _ Op . .
0=pu— P —a—(rue) 0= "5 +pPg.  Hydrodynamic pressure gradient




ol1 o 1d ar b
=u—|=— ——(ruy,)=a Uy =—+—
ﬂ@r[r or (rue)} (rito) 2
Boundary conditions u,=0 at r=R
u,=kRQ at r=xR
o y KkRQ (r R
Velocity field 0T 1l R,
Shear force acts in the & direction on the surface normal to the r direction
Shear stress 1, = —y{ri(u—gﬂ = Z’UQZ at r=«R
dr\ r 1-x
Torque on the inner cylinder = tangential force * moment of arm of radius kR
2110 Azul k*R*Q)
T = (F550)2aRL) (kR) = =2
1-x 1-x

Coaxial cylinder viscometer



‘ Validity of assumptions

_ PR’
Y7

= Steady state t,
= Newtonian fluid

= Very high viscosity liquid -> temperature rise due to viscous heating
= Effect of bottom face

= Laminar flow QR2P< 40
,Ll K(l—K)3/2




Liquid film on a vertical surface

Ty Overflow

~—* ) region l—v Goal: to discover a relationship between the
X

liquid film thickness and the flow rate

Assumptions

1. Steady state

2. Isothermal, incompressible, Newtonian

3. laminar, strictly parallel to the plate ->

no flow in y and z direction, no x derivatives,
the only velocity is u,

4. fully developed (?) -> film thickness is not
a function of x, but only of y

Detail

Continuity equation 0=V.u= 5%

All from the assumption

Q:WJ‘:u dy id_Q_ _J‘ 8ux dy+u (5)_ uy:uZ:O

b(t) b(t)

of db da
Leibniz formula a([)f(x 1) dx a!t)gdx + f(b’f)z - f(a,l‘)z



'.:] X ﬂ i a N T ap' Eﬁl aEHI ﬂﬁ )
- ZHZ + z'z b, = — L
P\ T %y y T ﬂ:-:) ax TH x? ﬁz* T P e
i d ., EI'E}A/)
ZZ‘ + M, ==+ U, — + / 4.3.24b
P( R " iy ”r az ) (A}x* /a_y /E‘., ‘7/ ( )
3 . .
P(cu fu ;_'_”7}3&4_":%%) _ +.,r.r,( P/ }{ ;/) . (4.3.24¢)
I X dy I ;?x ﬁ/y ;(z

0 o%u. _Op
0=—F+ + 0= 0=0
L2 )ope, 0=-F
No pressure gradient ,, _ _ P& y2+ay+b
at the free surface ! 2.1

_ du,
BC u =0 at y=0 1,=-u dy

S 2u |6 3u Iz uw

2 2 3
o _ped P_(y” o LB oo 4pdtu) 4p0




‘ Growth of a bubble in a viscous liquid

Assumptions

Goal: to develop a model for the
relationship of the rate of growth of the
bubble to the pressure and to the
properties of the fluid

1. incompressible, isothermal, Newtonian
2. bubble remains a sphere as it grows -> the only
velocity component is radial, a function only of r and t

3. gravity is neglected




Continuity in spherical coordinates
2 .
14(r°A,) 1 d8(Agsin 6) N 1 dA,

r’ ar * rsin @ /E-'ﬂ rsin /dd .
10 At .4 R’R
——(ru) 0 u = (2) :—dR:R:— u, =
r r Tr=R R? 2

Navier-Stokes equation

(ﬂm . Fln:r by r]';d' g oy g ¥ ui)
F o o Eli‘ /".I'H F S ul!il')fqb /r

B _li-i'_,l'.'-' i |':|'I.I! 1 ﬂ'zy
=T TH ([ E?r‘{rzuj] r* sin HHH/( Eﬂﬁ') rlaln?ﬂ/fda‘)-i_%

20
Young-Laplace equation o T ?
. _ 0 _
Newtonian fluid 7, = p—uA, =2 6% Extensional flow
r

52
P()—ZG 4§R pw+p(RR'+3§ )




Growth of a bubble in a very viscous liquid

Wire coating of a highly viscous molten polymer

Bubble, pressure 105Pa (maintained), initial radius 100um, final radius 1mm
Medium, viscosity 100Pa.s

If we neglect the contribution of surface tension and inertia

20 4uR . 3R®)  4up R (APtj
P(t)=—+ +p +p| RR+— HY _ p_ — =eX
()RRpwp( ZJR_PpOO—AP R -,
9.2 9.2x100 _
n X oA h1o=23 == —~107s
R, 97, AP 9x10
20 2x0.05N/m
Contribution of surface tension £, =—*= ~ =10’ N/m* =10°Pa
R 107" m
Inertial effect | 5 pAPRX( R
V 32 u4* (R

Vo 32 (100)% Pa? -s?

0

3 3 5 8 2 2 2
| 510°kg/m®x9x10° Pax10°m (Rj zlelo{RJ

0

In real systems, the internal pressure may not be constant



Viscous resistance to a freely falling objects

Detail of velocity profile Moving coordinate system;
_ =k z=0 at the upper surface of the cylinder
r—Rl
Assumptions

1. Steady state
Liquidis | The liquid displaced - - - :
dragged | by the falling body s 2. incompressible, isothermal, Newtonian

down with | pushed up through 3. fully developed flow -> ignores end
the falling | the annular gap in

body in this | this region effects, laminar flow, axi-symmetric
region
. 0
Continuity 2, +——(,0ru )+— gz(pue)+ %uz)_

ru, = constantforall»  ru,=0 on r=R and R,

u=0 everywhere, consequence of the assumptions of
axisymmetric, constant density, fully developed flow



Al | g, s i, 1 #*u, 2 u':‘u.,. ﬂ""'u,)
— gy —t———=—+j,— = - i e — e — _— ] + .
i, ) [ [ﬂ }:I rz 13'31 . 'ﬂﬂ ﬂzg PE

"dr rag r gz
(4.3.24d)
1T oy Matly Ul % _ _lap dlld i@ Eﬁ ﬂ)
_+u’ﬂr+rdﬂ+ r +”‘-ﬁlz)_ raﬂ+ ( [ ( ’}j|+r2=‘iﬁlz+r"a'ﬁ+ﬁz: T P8
{4.3.24¢)
did, did, Mg, LAY 1af duy 1 i1, E W,
e+ e ut) = L u( () 55 ) s w2
u, = 5 0
1, =0 Ieadsto@—pzo or
r
8=9 Zri0>leadst00 —8—p+ li(rﬁuz}r
U, = 0) o oz H ror\ or PE:
ou
0 op =0
—=0pleadsto—=0 0z fnofz fnofr Const.
00 00 5
YT p=p@only 00 ) 0=F()+G() FE)="-pg.=~G()
Z

F=—-G=constant =C




dp 1d|( du
— - =C and u——- = |=C
dz P8 “ r dr (r dr j

P=p=(Ctpg.)z  p-pgz=P P-F=C C=—7 7

r’+Alnr+B

= z

I 4ul

p=—| 7 —=

1d(d%) AP |, __AP
rdr\ dr

No-slip boundary conditions

u.=-U on r=R, u =0 on r=R =kR,

Non-dimensionalize

A B
g AR e A B
U 4,uLU Rz U U
_ _ 2
4(s) = —1+ D(L—s2)+ ?G'Kfﬂns
LLS AP is unknown, U is unkown

-> need two more conditions



1.The liquid displaced by the falling cylinder flow through the annular region

Ry 2 2 2
IR 2mu (r)rdr =—nR'U =—-nk°R,U
1 B 1
L+x*)Ink+(1-x?)

2.The stresses acting on the surface of the falling cylinder retard the fall of the
cylinder under the influence of gravity

Shear force + pressure force = gravity force
+7,.4,+(p.— p,)4, = body force = p,,gL4,
7.4 +(pL = po) 4, — priggLA, = net body force

= Psoiin€LA; — Pruia&LA,
7.4 —APA, = ApgL4,

O= s ==
ApgR; 2J 2

pu okt K’ |n£_(1_K2)
K (1+x%)




‘ Slow flow around a solid sphere

The flow is laminar and symmetric about z-axis

0134 =0,u,=0

[ ou, u, ou,  u? op 1 0% ,, 1 of. ,ou j
u, — 4 =T S (rPu,) + —|sing—~
p r 00 } o M e ) Zsing a0\ ™" e

" or r

=y

T e R
I

+ ii(—l i(ug sin 9)} +£2 o, }
r

— )+ — Ha—%(sineug)} r? 90\sin@ 06 00
r r rSin
r ~ u ~ u ~
s =—, rE—r, uH:—g, p= p
R U U uU | R
B ~ ~ A~ ~2 ~ 2 ~
PUR E,%+u—9%—u—9 __P, iza—z(szﬁ,)Jr 21_ 9 Sinﬁau’
Y7, os s 00 s Os |s°0Os s°sin@ 06 00
Creeping flow —sz ﬁ,%ﬂf%u—”fﬁ}:—%S—Z{Siz%(f%j
Stokes flow; Re=0 _
10(1 0, . 2 ou,
20 snaag B SN+ 5=




~

BCs u,=u,=0 onthesurface r=R

MeZ—US'ne} for 7 —s o E> u, =G(s)sind and u, = F(s)cosd

u, =Ucosd
s dF (s
Continuity [F(S)+— ( )}LG(s):O
2 ds
Cross differentiation of NS equations, and continutiy
d'F(s) _ ,d°F(s) . ,d?F(s) . dF(s) Linear
5" 758 +8s 753 +8s 752 —8s I =0 homogeneous ode
F(s)=s" F(s)=as” +bs ' +cs’ +ds° F
= =0 =1
F=0 on s=1 G=0 on s=1 E> ds on s
F=1 for s> G=-1 for s—>ow le_F:O for s — o0
S
F(S)zl—iJri N

~ 3
25 2s° Velocity profile (s=r/R) P =P« —2—S2C059



The stress acting on the surface of the sphere

Force due to the normal stress in the direction of motion

27 o7 . 4
F, = jo jo [-T. (R,0)cosO|R?sin0dOdg = 2;sz K—m 2
Fo =27uRU

Force due to the shear stress in the direction of motion
27 o
F, = jo jo [T, (R,0)sinG]R?sinOdOdg
F, =4ruRU

Total drag force  Fy =F, + F, =6ru RU

Form Frictional 2p,UR

drag drag Re B

ou,

bt

] cosé’}R2 sinddo
R

or

<0.1 for Stokes' law to hold



Sedimentation of small particles

8

. Gravitational force = weight - buoyancy
[ ]
. F,=47R*(p,— p;) g = 67uRU
. 2R2
U = 5 (Ps—pr)g
U

U proportional to R? -> used to separate small particles

Stokes’s law holds, provided that the spheres are no closer than
15 radii to one another, Reynolds number is small, Newtonian...



‘ Radial flow between parallel disks

ZJ
Q { Goal: find a relationship between the

flowrate and the pressure forcing the
' flow

r=0
Assumptions
1.The disks are rigid, no-slip, surfaces

2.The flow is symmetric about the z axis -> 0/00=0,u, =0
3.Newtonian, isothermal, incompressible

_ d 1 a(ru ) ou
4.The flow is steady in time Continuity 0=—
r 82
AU, Fm, TP 1A :'Mr, a 1 d (P él‘u
- s [ s ) — —
P(]K }Z / “‘(ar ,ar':" ,} ZE r/;HL %
{4314:"
By U, Wl WMy Ol 1 ap alta 1 #uy | 2 du, ﬂ’u,)
— _ - — == m——_— - o T T R + B ]
'rj(:ia'+u"dr+rdﬁ+ r T ﬂz) raﬂ+#(ﬁ'r[ En‘{mi}j|+r“':'iﬂ‘ r* a8 o
(4.3.24¢)

a it | Wi J]u 1a Eu.r,) 1 8%, &ze.r_.)
N + — = + ul==— — | += 4 = 1 =+ i 4.3.24f
'ﬂg/ ar + U (r ar(r ar | TR a2 ) T PE { :

— P8



Boundary conditions Q {
z=0]|

0 on z=—H,0<r<R
u, =u_=0 on z=+H,R <r<R
0

u, =u_, = on r=R,H<z<H+L,
ou

u, =0 and 8220 on r=0,—H<z<H+L,
r

p=0 for ~-H<z<+H,r=R

p=P at z=H+L,0<r<R

either@
u, =-U and u. =0 at z=H+L,,0<r<R,

z r



More assumptions:

1. Neglect the entry tube
2. Velocity vector is strictly parallel to the plane u=[u,(r,z),0,0]

|

=)

| 2 o_Lotu,) oy

J':Ri r=R
e el o ), (210, l%ﬁ_ay}i ) f{
p%+u'ar+l'/gg %-F?/iz)_ ar T ar[rﬂr[m'} YRAE ae e ) T
, continutity 3
., ou, __8_p+ ou,
P, or or H Oz
nondimensionalize U " LUH Ty g
U . * * 2 *
pUH y Gu* :_ﬁp* +8 u2
,u or or oz

Creeping flow




op* 1 8°C
Ozla(m’)+5% u’ :iC(z*) 0=- p* T2
r or  Joz r or r oz

Continuity

*8]9* 8C

o'
/A /A /Vaau} 6/} u=J[u.(r,z),0,0]

r

\/ =—pgz+ fn(r) 8p/8r is not a function of z
A %\ 2 . * * * ,0 *
:—E[l—(z )] (use no-slip BC) p =Alnr +P —%Z
R ) R Hydrostatic pressure
p =0 a r'= I P =-4 |”E affects little on the flow
H - A= _SR;
szjo 27(ru,)dz = 2H Ujozncazz* O=4zRHU 4=~

30 )1 z Y __ 30 | R
”r('f’z)twjr{l_(ﬂ” A 47ZH3 "R




‘ Biomedical flow device

. Transparent upper

surface Issue: the rate at which the sample
gy MY liquid is drawn into the test cell

Driving force = surface tension

" Test cell . ' F
; ; _ Side view of drop o _

! C Analytical Reagent wicking into test cell - — 20- COS 9
Drap of W

test liguid

on lower surluce

Control Rails

The flow is retarded by the
viscous resistance of the liquid to
sweose  deformation

N Lit) - -

Transient flow with free surfaces

" Wiscous shear Surface tension OW
force force vector

Assumptions:

1. fully developed steady flow

2. the channel is completely filled with the liquid
3. W>>H, L>>H




U= (u(7),0,0) ye st

p=0

y=-H

A . , Pt | us aﬁ)
+ + b, = — A 4 4.3.24a
‘ﬂ( G A “'jf T f.l':-:) /g B\ A ayt /é-‘-:‘ ?g/ ( ;
- + =+ =+ -l=—-=+ =+ o+ —= | + pe/ 4.3.24b
P (%FZ e+ ity ay Uy o ) oy i [/& Tt ot _ ( )

it Ly 1, GITA ap Py, A, @ :)
+ — 4 =-—4 - 3.24¢
g (7!4 “odx T "/:Jf "2%) oz (;fxz e | Az ) T 143240

2 2 2
P_ 0oy = YN poaric
oz " oy 2 H
3 AP 3 owiAp| Poisseuille’s law
g:szuzdy:_ZCH —C= — IUQ3 Q:—
0 3u L 2WH 3ul

Based on the idea that the channel is

lotel ' with liquid
the entire length L



Assumption: if a liquid is moving into a parallel plate channel under a
constant pressure differential, Poiseuille’s law holds in this transient case
and we simply replace L by L(t)

Relate the pressure drop driving the flow to the surface tension

Young-Laplace p —p =¢ i+i H A plane corresponds to a
- cos® Sphere of infinite radius

R=——
equation R, R,

o COS @ QZZWHZGCOSH QZZHWd—L

AP=—p 3uL () dt

7 2Hacos€t v £ :( 3p j L)’ t*, L*; required time and extent
B 3u 2Ho cosf of penetration

1#=0.003Pa-s 0=005N/m 6€=85 H=0.0005m L =0.03m ¢ =19s



Film thickness on a center-fed rotating
' o Very complex flow field near tube exit, but
Fixed assume that beyond some radial position
L celivery Ho) the film profile is smooth in some sense,
RN N \ and we seek a model for h(r) in that region

Rotating disk

10(ru,) 59/ A ' '
0== ) U ssume the flow is largely radial, ... _. £(;
Continuity r o or /62 with only a small u, component =)

Y rm,. g oL ol ;_'«]E ( 1 i 2d ' ﬁ‘u
;Z — + — + L 4 -— =y
P( e o c'iz ar © e r A ﬂﬂ -l'].E

Assume the angular velocity of the liquid

2
matches that of the disk  ;, — ¢ ou, ou, 2P + 1 o

or 0z*




i Hgﬁ'! o
ot ) B (R 25 ) e e

For thin film, the contribution of gravity to  gp <0
the pressure distribution is small Oz

p is uniform across the thickness of the film

Assume that the shape of the free surfaceis  gp _ 0
smooth, then external pressure is uniform or

2
ou, 2 O,

Reasonable assumptions: steady state, axisymmetric, rigid motion in

angular direction
Less obvious assumptions: thin and fairly uniform thickness

Just remove the nonlinear term, and check the validity later



2
o'u, 5%20 on z=h(r) u =0 on z=0

—pra)Z:,u 72 0z
No shear stress on No-slip boundary
the free surface condition
ora?h? 1/ )2 | Does not satisfy the continuity equation; ru, # f(r)
u, = P {Z—E(}J } we have some uncertainty as to the value of this
solution, but practically quite valid

s 2.3 1/3
Q= ZErJh()u dz=27nga)h h(r)z(—2 3’UZQ Zj
U 7or- @

Film thickness distribution
81,0 ]1/3 h(_r) :g(ijz/s

2 =
j rh(r)dr = [67[,0R2a)2 7 3l R

1/2

—2
o = 1 Rzm{h(’”)—H} dr — 05774 1.The degree of nonuniformity is
H independent of parameters -> no
—-2 Y2 control over uniformity in this flow
} dr} =10.2232

2. Thickness is very nonuniform



‘ Torsional flow between two parallel disks

Q
-—
z=5< 4=RQ Assumptions: laminar, Newtonian,
iIncompressible, isothermal, axisymmetric flow
at rotational speeds low enough to prevent
HGC ~ radial flow
a s gty U A_ 1 afita 1 8 2w, ug
p(%+u7£+ ?/Z%+7p'£+ Hylé) B :%%-F ¥ (Er[rﬁr{m“}] " rzﬁiﬂ‘" ' ?ﬁ'ﬂ * H::) +74
4.3.24¢)
Boundary #,=0 on z=0
. ‘ u, =rQF
conditions  y,=+Q on z=H v ()
F(z)=0 on z=0
z 282 FE ; 1 on H
. _ u, =—— Z)= z =
Simplest F(z)= o 0 H
0 Q R7°Q) 7QuR’
Té,Z:—yAez:—uﬂz—u T:I _’”Tesz:_[ 2 omrdr = 222K
oz H o H 2H
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