Chapter 2

Statics, dynamics, and surface tension



Hydrostatics
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Figure 2.1.1 Oil in a closed funnel.

ip = Patm

Fundamental law of hydrostatics for
an incompressible fluid

Pressure increases linearly with
position in the direction of gravity.
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Figure 2.1.5 Closed funnel, no flow

P =Py, tP8h




What happens
If we unplug the bottom of the funnel

2=0 Patm P .
grt:;i:m Suppose that the exit flow is very slow
profile because the liquid is very viscous or
2 Py * P82 because the exit tube has a very small
diameter, and that a drop begins to form
slowly at the end of the capillary.
Pressure
z=hy gs;:‘l;e Then it is possible that the flow will stop.

Figure 2.1.6 Pressure distribution with and
without flow (static pressure profile).



Surface tension

As the drop grows, its weight will overcome the force of surface
tension that holds the drop to the tip of the capillary, and the
drop will fall off.

Along the three phase contact line, surface
tension is the force per unit length acting
tangentially to the liquid-gas interface.

There is a vertical component of force F_cosd=onD,cosd

If the drop is static, it balances the weight

D_.cosé = pgV
of the drop or e rs



First modeling

Determine the maximum size of a drop that will hang on a capillary

ornD,cosO = pgV If the drop volume changes slightly, what happens

on the lhs?
As the drop gets heavier, the angle approaches onD,
zero, and |hs reaches its maximum. Then the drop Vi =
will fall when its volume exceeds PE

3 1/3 1/3
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Bo = D¢ pg Bond number: determines the nature of the interaction of
o gravitational and surface forces



Test of the model
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Figure 2,1.10 Dimensionless drop size (see Eq. 2.1.12) for several
liquids, as a function of the Weber number.

The model captures the essential physics of the process, failing
only to yield the exact value of the coefficient.

Because it leaves residual liquid attached to the tip when the drop
falls from the capillary tip.



Capillary hydrostatics

1. Interfacial tension can give rise to a pressure difference across the interface.
2. The pressure difference can be calculated from the shape and size of the

interface.
D dF, = ods, dF, = ods,

The interfacial tension is a force per unit
length acting across a line element in a
surface, the line of action of the force being
normal to the line and tangential to the
surface.

For any surface, there is a pair
of orthogonal curves at any
point on the surface.



Young-Laplace equation

Along each of the four arcs that define
aF,=ods,  the differential area, a distributed force
acts uniformly.

sz = adsz

Sum the force components of these four
forces in the direction normal to the
surface.

n component of the force along ds, dF, =2(ods,)sin(d6,/2) = %dsldsz

1
ds, = R,d@, sin(d6,)=1d6,

1 1 for small angle
dF, =2 ds,ds, dF, =cds,ds,| —+—
R, R, R,

Static force balance
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Pressure inside a gas bubble

For a spherical gas bubble Ry =R, =R Ap= =
Typical surface tension of a liquid is 0.05 N/m

For a bubble of radius 1mm Ap = 2(()0-05) — 100 N/m?2

.001
For a bubble of radius 1um Ap = 2(0—056) =1x10° N/m? = latm
1x10~
Exercises
Liquid rise in a capillary Back-pressure in a growing drop
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Pressure in response to external forces

Differential force balance in z direction

de I—,OgdZ N

p2 — pl = pgh Figure 2.3.1 A container of liquid rotates about its axis.

Differential force balance in r direction

dp.rdOdh=dmx a = dm ra’ = prdadrdh ra’ dp, = ,07’502 dr

dp = a—pa’z + a—pdr =dp_+dp,.
0z or
Pressure field within a rotating body of liquid

prio’

p=-pgz+




Surface of a rotating liguid
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oro’ 176 =
2

Set atmospheric pressure to zero p=—pgz+

Pressure in an accelerating liguid: shape of the free surface

Liquid container moves in the +x direction at a velocity that
increases linearly with time

p.dA—p._..dA= p(dA)(dx)a,

0
P - pa, p(x)=-pa,x+A®y)
ox

op

o P8 P =—pgy+ B)

p(x,y)=—-pa,x—pgy+D

Atmospheric pressure at surface Y(x)
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