10.8. Fourier Integrals

- Application of Fourier series to nonperiodic function
Use Fourier series of a function f_ with period L (L2 )
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Fig. 254. Waveforms and amplitude spectra in Example 1
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From Fourier Series to the Fourier Integral

Fourier series of f(x) (period 2L): fL(X)=a,+ Z(an cosw, X +b, SianX), W, = T
L 2 oo, f(X) ? n=1

[e o]

1 L 1 L : L :
fL (x)= ILfL (v)dvJrEZ;[coswnfoL (V) coswnvdv+smwnx_‘. LfL (v)smwnvdv}

T (1 Aw
AW =W = (LT

] ] _
- (coswnx)AwL f, (v)cosw,vdv

1 (L 1
- fL(x)—ILfL(v)dv+E;

L
+ (sinwnx)AwI fL(v)sinw,vdv

It f(x)=limf,_(x) is absolutely integrable, r f(x)jdx exists

— —00

L-> «, then f(X) =1J.:[coswxr f(v) coswvdv+sinwxr f(v)sinwvdv} dw
TC )

A(W) = % j_‘:f (v)coswvdv, B(w) = % j_‘:f (v)sinwvav

f(x)= E[A (W) coSWX + B(w)sinwx |dw Fourier Integral



Theorem 1: Fourier Integral

- f(x): piecewise continuous f(x) can be represented
right-hand / left-hand derivatives exist |:> by Eourier intearal
integral 'ro ‘f (X)‘dX exists y grd

Applications of the Fourier Integral
- Solving differential equations (see 11.6) & integration, ... /\8
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Ex. 2) Single pulse, sine integral
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Fourier Cosine and Sine Integrals
Fourier cosine integral:

For even function f(x): B(w)=0, A(w)=— jf(V)COSWVdV f(x) = -" A (W) coswx dw

Fourier sine integral:

For odd function f(x): AW)=0, B(w)=- j f(v)sinwvav .
T 40 f(x):jOB(w)sinwxdw

Evaluation of Integrals
- Fourier integrals for evaluating integrals

Ex. 3) Laplace integrals
f(x)=e™ (x,k>0)

(a) Fourier cosine integral: A(w) = E'r’ & coswvdy = fkln2
0 k?+w
_ 2k = coswx = COSWX T
f(x)=e™ dw = dw = % akx
0= -[ k? +w? Io K2 + w2 oK
ier sine | - 2 (% kv 2w/
(b) Fourier sine integral: B(W):_j e sinwvdy =<
_ K +w
_ wsinwx = W SiN WX T e
f(x)=¢e wanwx . T
( ) j k2+W jO k2-|-W2 5



10.9. Fourier Cosine and Sine Transforms
- Integral transforms: useful tools in solving ODEs, PDESs, integral equations,
and special functions ...

Laplace transforms
Fourier transforms < from Fourier integral expressions

- Fourier cosine transforms, Fourier sine transforms (for real...)
Fourier transforms (for complex... )

Fourier Cosine Transforms
Fourier cosine integral for even function f(x): f(Xx) = IOA(W) coswx dw

A(w) = 2 I f (v)coswvdv, A(w) = \E F-(w)
T ~0 T
Fo(w) = \/%j? (x)coswxdx :f (x) - F-(w)  Fourier cosine transform of f(x)

f(X) = ErFC(W)CoswxdW: F- (W) — f (X) Inverse Fourier cosine transform
T J0 of F(X)



Fourier Sine Transforms
Fourier sine integral for even function f(x):  f(X) = IOB(W)SinWX dw

B(w) = % jo? (V)sinwvdv, B(w)= \E F(w)

2 = .
Fs(w) = \/;J.Of (x)sinwxdx :f(X) - F5(W)  Fourier sine transform of f(x)

f(x):\ﬁrps(w)smwxdw: Fy(w) — f (X) Inverse Fourier sine transform
fIRdY of F(X)

Ex. 1) Fourier cosine and sine transforms
f(x)=k, O<x<@a0, x>a See Table!l & 11 (in 10.11)

Ex. 2) Fourier cosine transform of the exponential function: f(x) = e

. J2
Fo(w) = \/% jo e " coswxdx = /

1+ w?




Linearity, Transforms of Derivatives 3. (af +bg) = \Pr(af + bg)coswxdx
3e(f)=Fe, Ss(f)=F T

3c(af +bg) =a3c(f) +0b3c(9); 3s(af +bg) =a3s(f)+b3s(9)

Theorem 1: Cosine and sine transforms of derivatives

f(x): continuous & absolutely integrable, f(x) > 0 as X 2
f’(X) piecewise continuous

S (Fr(x)) =w3(f (x)) - %f (0); Ss(F'(x)) =—-w3(f(x))
S (F(x)) =-w?3(f (x)) - %f'(O): 3s(f(x)) =—w*S(f (X))+\wa (0)
S (f'(x) = \Erf '(X) coswxdx = \P[f (X) coswx\: + er (x)sinwxdx} =
1T Y0 TT 0
S (F (X)) =w3(f'(x)) - %f'(O)eSS(f'(x))z—WSC(f(x)) (See section 11.6)

Ex. 3) Fourier cosine transforms of exp. Function: f(x)=e?* (a > 0)

3c(f")=323c(f)=—W23c(f)+a\E:>3c(f):\E( 2 - 2}
m nla?+w




10.10. Fourier Transform
- from Fourier integral in complex form

Complex Form of the Fourier Integral

f(x)= _[: |A(w) coswx + B(w) sin wx |dw

L (v)coswvdv, B(w)= 1 j " f(v)sinwvadv
o/ —0o0 Tc —00

A(w) =

-2

" f (v)(coswv coswx + sin wv sin wx )dvdw

_ 1 J‘°° [ r’ f (V) cOS(WX — Wv) d%v even function of w!
1T Y0 —oo

_ 2_1n [ [ [~ £ (v) costwx —wv) dv}dw

(i
21

N [ [ (v)sinwx - wv)dv}dw - oj

Use Euler’s formula: €* = cosX +isinx

= f (v)[cos(wx —wWv) +i sin(wx —wv) | = f (v)e' ")



f(x) = 2—1n [ [ [f (v)ei(WX‘WV)dv}dw

Fourier Transform and Its Inverse

j_‘” f (v)e™dv |€"*dw

1 ¢~ 1
f‘x)‘mh[m
1

Fourier transform of f(x): F(w)=—=—[ f(x)e " dx

N

Inverse Fourier transform of F(w): f(x)=

1 e .
—— | F(w)e™dw
\ 2T L° (W)

Ex. 1) Fourier transform of f(x)=k (O<x<a) and f(x)=0 otherwise
1 (a, k(1—-e )
F(w)=——| ke dx =
W) N2 '[0 WA/ 21

Ex. 2) Fourier transform of f (x) = & * (a>0)



Linearity. Fourier Transform of Derivatives

3. (af +bg) = % ™ [af (00 +bgx)]e ™o

Theorem 1: Linearity
3(f (x)) = K(w)
3(af +bg) =a3(f) +b3(g) W2~

Theorem 2: Fourier transform of the derivative of f(x)
f(x): continuous, f(x) = 0 as Ixl 2 <, f'(X) absolutely integrable

3(F(x)) =iw 3(f (x))
S(f" (%)) =-w* 3(f (x))

1 ¢ . 1 _
S(f')=——| f'(X e"WXdX:_|: g WX
() =—7- [ ' o
S(f") =iwS(f') =—i*w?3(f) = w3(f)
Ex. 3) Fourier transform of f (x) = xe™*

3(xe™") = —%3((@2)'): —%'WS(e‘XZ )=

EE (x)e“Wde}

_ Iw e—W2/4
2/2

from Ex. 2



Convolution

- Convolution of f* g: h(x) = (f *g)(x) = [ _f(p)g(x—p)dp=[ _f(x—p)g(p)dp

Theorem 3: Convolution theorem

3(f *g) =2 3(f)3(9)

3(f * g) = | f(p)g(x—p)e™dpax

| nterchange of integration order

| f(Pg(@e™™dadp "7

ﬁl—‘ﬁl—\
F“ ?“
3

- % [ f (o)™ dp[ "g(a)e™dp =213 (f)3(g)

Inverse Fourier transform: (f * g)(x) :r F(w)G(w)e™™dw (see 11.6)



