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SOLUTION OF LINEAR ODE

o Ist-order linear ODE
— Integrating factor: For%+a(t)x: f(x), I.F.= exp(Cy(t)dt)

6= £ e = x(t) =[f ¢)e® " dt+Cle ¢

 High-order linear ODE with constant coeffs.
— Modes. roots of characteristic equation

For a,x®+ a x¢+a x = f (t),
a,p°+a,p+a,=a,(p- p)(p- p)=0

— Depending on theroots, modesare

 Distinct roots; (€ Y pzt) Solution is a linear combination of
bl _ (e- P ter plt) > modes and the coefficients are
 Doubleroots: ’ decided by the initial conditions.

« Imaginary roots: (€ cosbt,e® sinbt)
« Many other techniques for different cases
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LAPLACE TRANSFORM FOR LINEAR ODE
AND PDE

 Laplace Transform
— Not in timedomain, rather in frequency domain
— Derivativesand integral become some operators.
— ODE isconverted into algebraic equation
— PDE isconverted into ODE in spatial coordinate
— Need inversetransform to recover time-domain solution

(D.E. calculation) .
4| < u(b) y(t) —»

X » ODE or PDE >

—
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W e v Function Y9 ——> v
> MWW

(Algebraic calculation)
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DEFINITION OF LAPLACE TRANSFORM

e Definition

F(s)=L{f(t)}= Qf(t)e St

— F(s) iscalled Laplace transform of f(t).

— f(t) must be piecewise continuous.

— F(s) contains no information on f(t) for t <O.

— Thepast information on f(t) (for t <0) isirrelevant.

— Thesisacomplex variable called “ Laplace transform variabl€’

e Inverse Laplace transform

f(t)=L"{F(s)]
— L and L*arelinear. I_{afl(t) +bf2(t)} = aF,(s) + bF,(s)
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LAPLACE TRANSFORM OF FUNCTIONS

e Constant function, a

L{a} =(‘5ae's‘dt =- %e'ﬁ 0 -0-& %g;:%
« Step functioln,fS(t)3 ;
| ort
f(t):S(t):%O fort<O
L{S(b)} = § & *ct =~ %e 0. 2101
« Exponential function, e®
L{e'bt} :(\se-bte-stdt :S'lee-(ms)t: _ Sib
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« Trigonometric functions =
— Euler sldentity: €"" = coswt + jsinwt 1ﬁ\
AWANR

coswit :l(ejwt+e- jwt) sinwt :i.(ej""t- e th) ‘ UE\/ t
2 2] "
L{sinwt}:L:'i_e‘”l’J- L:’i_e"w‘u= 1.28 1. - 1. o= 2W 5
12j h 12f b 2i&s-jw s+tiwg S +w
1 wmi_le 1 N 1 0 s

— \11 th.L«.I \l
Licoswt; =Lj—-e"y+L|j—€ =— ==
{ } 12 % 12 \p/ 2&S- W S+ Wy S +w?

 Rectangular pulse, P(t)

i0 fort>t,
_ _1 f(t
f@)=Pt)=ih fort,3t30 X
10 fort<O >
. Ly t

L{P(t)} = (‘5” he ddt =- Nes
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e Impulse function, d(t)

i0 fort>t,
T f(t
f(t)=d(t) =lim 1/t, fort, 320 u&m
" 1o fort<oO >
1 1 | t t
— | \ W st twS) —
L{d (v} =lim Q' = dt_tnggg(l e =1

FO) iy, fEO
g)_Hospltalsrule It|®rg m t®o ot

« Ramp function, t

¥ -
L{t} = Q te Stdt f(tV
¥ 11—
— t - St ¥ dt — 1 : >

=—¢e*% - = es‘dt——
- S 0 Q-S Q g | . t

(Integratlon by part: Q f'xgdt = f ><g\ f xg@lt)

 Refer the Table 3.1 (Seborg et al.) for other functions
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PROPERTIES OF LAPLACE TRANSFORM

. leferentlatlon
Ll—% g foedt=f)e [ - f(-9e%dt (byibp)

=sq) fxe%dt- £(0) =sF(9)- f(0)

I U \ st — N -g _ - st
L% dtZ}ﬁ Qfdbe dt = f (t)& \ Q f&(-9)e dt =s() f e *dt- ¢0)

=s(sF(s)- f(0))- f&0) =s’F(s)- sf(0)- f¢0)

idnfu_ F (n) - st _ (n-1) g |¥ N (1) - St
L% Ev)_Qf dt=f()"Ye¥| - f "X e
n-1
_SQf(n1)>eStdt f(n )(O) S Id Iu f(nl)(O)
™ b
I (%]

=s"F(s)- s"'f(0)- ---- sf ™ 2)(O) f ("1 (0)
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« Iff(0)=f (0)=f"(0)=..=f0ODQ) =0,
— Initial condition effects are vanished.
— |t isvery convenient to use deviation L‘%
variables so that all the effects of podt’
Initial condition vanish.

 Transforms of linear differential equations.
y(t) %%® Y(s), u(t) ¥%5® U (s)

%%%@ sY(s) (if y(0)=0)

t L0 =-y(t)+Ku(t) (y(0)=0)%5® (t s+1)Y(s)=KU(s)

Te=v i e M, T) %58 'ﬁz() (DT (9)=T,(9)
HL
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e Integration

:e_'—St‘t (X)dx: +§(5 f e‘ﬂm:%s) (byi.b.p)
?.elbnlzrule dEQ f(t)dt = f(b(t) —— db(t) f (a(t)) da(t);
« Time delay (Translation in tlme) f(tT B
f(t) %Y f(t-q)S(t- q) - -

L{f(t-q)S(t-q)}:(j f(t-q)e'S‘dt:(‘S Fi)e s d  (lett =t-q)
=g Q) f(t)e'd =™ F(9

. Derivative of Laplace transform
dF(s) _

Q f e S"dt:(‘s f x%e‘stdtzé(-m)e-ﬂdtzl_[-txr ®)]
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e Final value theorem

— FromthelLT of differentiation, as s approachesto zero
ooxdt o
lim e dt—ISgng[sF(s)- f ()]

(‘S%dt: f(¥)- f(0) =limsF(s)- f(O) P |f(¥)=limsF(s)

— Limitation: f(¥) hastoexist. If it divergesor oscillates,
thistheorem isnot valid.

* Initial value theorem
— FromthelLT of differentiation, as s approachesto infinity

X df

|Sg®¥Qa>e-“dt:|si®rQ[sF(s)- f (0)]
L(i@@é%e'“dt:O:Li@rQsF(s)- f(0) b £(0) =limsF(s)
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EXAMPLE ON LAPLACE TRANSFORM (1)
il5t forOE£t<?2

fie i3 for2£t<6
37 f(t) =i
- — 0 for6£t
| t {0 fort<O

f(t) =1.5tS(t) - 1. 5(t 2)S(t - 2)- 3S(t- 6)
3

\ F(s)=L{f(t)}= —(1 ezs)-ge

e ForF(s)=—2—, findf(0) and f (¥).

S-5
— Using theinitial and final value theorems

2S
=2 f(¥ —Ilmst
M= (¥) (s) = Mz

=0

f(O)—IlmsF(s)

— But thefinal value theorem is not valid because

lim f (t) =lim2e™ = ¥

t® ¥ t® ¥ _ _
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EXAMPLE ON LAPLACE TRANSFORM (2)

« What is the final value of the following system?
X@+ xC+ x =sint; x(0) = x¢0) =0
1
b s°X(s)+sX(s)+ X = b x(9)=
( ) ( ) SZ+1 () (SZ +1)(52 +S+1)
x(¥)Q|m > =0

0 (s° +1)(s* +s+1)
— Actually, x(¥) cannot be defined duetosint term.

« Find the Laplace transform for (t Sinwt) 2
dF(S) = L[-txf t)]

~dé w OU_  2ws
ds &’ +w?H (s?+w?)?

From

L[t>sinwt] =
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INVERSE LAPLACE TRANSFORM

e Used to recover the solution in time domain

L*{F(s)} =f(t)

— From thetable
— By partial fraction expansion
— By inversion using contour integral

f(t) = LY F(9) :%@eﬁF(s)ds

o Partial fraction expansion

— After the partial fraction expansion, it requiresto know some
simpleformula of inverse L aplace transform such as

1 S (n-1)! g

, , , , EtC.
ts+1) (s+b)*+w® " t*S"+2zts+1
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PARTIAL FRACTION EXPANSION

_NE_ N _a, . a,

D(s) (s*p)-(s+p,) (s*P) (S+ py)

F(s)

« Case I: All p{ s are distinct and real
— By aroot-finding technique, find all roots (time-consuming)

— Find the coefficients for each fraction
» Comparison of the coefficients after multiplying the denominator
» Replace somevaluesfor sand solvelinear algebraic equation

» Useof Heaviside expansion
— Multiply both side by a factor, (st+p;), and replace swith —p;.

— InverselLT:
f(t)=a,e™ +a,eg™+...+a e ™
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« Case ll: Some roots are repeated

b

——

_N(s) _ N(s) _ ST+ +b, . a, B
D(s) (s+p) (s+p) (s+p) (s+p)

F(s)

— Each repeated factors have to be separated fir <.
— Same methods as Case | can be applied.
— Heaviside expansion for repeated factors

. =1 d® &N (s)
“irds® gD(s)

(s+ p)rg (i=0,---,r-1)

— InverseL T

— a
f(ty=a,e " +ate " +.-.+ r r'le'pt
() ' ’ (I'-l)!
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« Case lll: Some roots are complex

_N(s) _ ¢s+tg  _a(stb)+bw
D(s) s°+ds+d, (s+b)*+w’

F(s)

— Each repeated factors have to be separated fir <.
— Then,
a,(stb)+bw _ (s+Db) W
2 2 ‘1 2 > T0, 2 2
(s+b)” +w (s+b)” +w (s+b)”+w

where b=d:/ 2, W:\/do- di’ /4
ai = Cy, b1:(Co-alb)/W
— InverseL T

f(t) =a,e " coswt + b,e ™ sinwt
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EXAMPLES ONINVERSE LAPLACE

TRANSFORM
(s+5) A+ B N C
s(s+1)(s+2)(s+3) s s+l s+2 S+3

— Multiply each factor and insert the zero value

(s+5 | :§A+s B 16 & 4P j b A=5/6
=0

(distinct)

(s+1)(s+2)(s+3)|_, +1 “s+2  s+3g_

(s+5) aeA(s+1) C(s+1)+D(s+1) b B=.92
S(s+2)(s+3)|_, & s+2  s+3 g4_.

(st+5) _3A(s+2) B(s+2)+C+D(s+2) b C=3/2
S(s+1)(s+3)| 8 S s+1 s+3 4.,

(s+95) _adA(s+3) B(s+3)+C(s+3)+D'_' b D=-1/3
S(s+1)(s+2)|_ 8 S s+l S+2 Ae- s

4 5 .3 a4 1,

\ f(t)=L {F(s)}—6 2e roen- e
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. F(9)= 1 As+Bs+C

(s+1)°(s+ 2) (s+1)° (s+ 2)

1=(As®* +Bs+C)(s+2) +D(s+1)?*

(repeated)

=(A+D)S’+(2A+B+3D)s’ +(2B+ C+3D)s+(2C + D)
\ A=-D, 2A+B+3D =0, 2B+C+3D =0, 2C+D=1

p A=1 B=1 C=1 D=-1

1.d" aN(s)

— Useof Heavisde expansion a,.; =

s° +S+l ai a2 as

itds” &D(s)

(s+1)° (s+1) (s+1)° (s+1)3

(i=0): a3:(s +s+1)8:_1:1

: 1d

(i=1): azzi£2(sz+s+1)s_1:-1
(i=2):a _%:—(S +s+1)1__1:1

\ ) =L {F(9)=e'-te' +%t2e't- &

CHE302 Process Dynamics and Control
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(s+1) _A(s+2)+B+Cs+D

* F(s)= =
5) s°(s” +4s+5) (s+2)°+1 s°

(complex)

s+1= A(s+2)s” + Bs®+ (Cs+ D)(s” + 4s+5)
=(A+C)s’ +(2A+B+4C + D)s” + (5C + 4D)s+ 5D
\ A=-C, 2A+B+4C+D=0, 5C+4D =1, 5D =1
b A=-1/25, B=-7/25, C=1/25, D=1/5
As+2)+B 1 (s+2) 7 B
(s+2)2+1  25(s+2)2+1 25(s+2)2+1

Cs+D_11 11
S° 25s 5¢°

\ F()=L{F(9} =- ZiSe'Zt cost- lee'”sint+2i5+%t
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N ..
te” _® A | B Sy, (Timedday)

) F(S):(4s+1)(35+1)_84s+1 3Bs+15

A=1/(3s+1)|_ ,=4 B=1/(4s+1)_ . =-3

1 ¥ 1 - 2S -2s
\ @ =LYR@E) =LA 3 Uy apder 3ol
| 4s+1 35+1% 74s+1 35+1¥,

—gt/h_ g3 +(e- t-2)/4 _ o (t‘z)/3)S(t- 2)

It isabrain teaser!!!
But you haveto live with it.

Hang on!!!
You are half way there.
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SOLVING ODE BY LAPLACE TRANSFORM

« Procedure
1. Given linear ODE with initial condition,
2. TakeLaplacetransform and solve for output
3. Inverse Laplacetransform

« Example: Solvefor 5%+4y:2;y(0):1

'—}5%%""—{4)’} =L{2} P 5(sY(s)- Y(0))+4Y(s) :%

5s+ 2
s(bs+4)

(5s+4)Y(S) = % +5 b Y(s)=

_ ,105 25 _
\ vt) =LYl =Lt 2 = 0.5+ 0.5¢ °&
WO =LHYE) =L S
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TRANSFER FUNCTION (1)

e Definition

— An algebraic expression for the dynamic relation between the
Input and output of the process model

d ~ ~
5d—¥ +4y =u; y(0) =1 U(s) Transfer | Y(S)

Function, G(s)

Lety=y-landu=u- 4

Y(s) _ 1
U(s) 5s+4
« How to find transfer function
Find the equilibrium point

|f the system is nonlinear, then linearize around equil. point
I ntroduce deviation variables

Take Laplace transform and solve for output

Do thelnverse Laplace transform and recover theoriginal
variables from deviation variables
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TRANSFER FUNCTION (2)

e Benefits

— OnceTF isknown, the output responseto various given inputs
can be obtained easlly.

yt) =LY (s)} =L {G(s)U (s)} * L{G(s)} L {U ()}
— Interconnected system can be analyzed easily.
* By block diagram algebra

X»*@_g G2} Y(s) GLS)G2(S)
G3 . X(s) 1+Gl(5)G2(s)G3(s)
— Easy to analyzethe qualitative behavior of a process, such as
stability, speed of response, oscillation, etc.
» By ingpecting “Poles’ and “Zeros’

» Poles. all s ssatisfying D(s)=0
o Zeros. all s ssatisfying N(s)=0
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TRANSFER FUNCTION (3)

o Steady-state Gain: The ratio between ultimate
changes in input and output
Gainek = UPUt _ (Y(¥)- y(0))
Dinput  (u(¥)- u(0))
— For aunit step changein input, the gain isthe changein output

— Gain may not be definable: for example, integrating processes
and processes with sustaining oscillation in output

— From thefinal value theorem, unit step changein input with
zero initial condition gives

K = y(ié) = IlmsY(s) = I|msG(s)— |mG(s)

— Thetransfer function itself isan |mpulseresponse of the
system Y(s) =G(s)U(s) = G(s)L{d(t)} =G(s)
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EXAMPLE

* Horizontal cylindrical storage tank (Ex4.7)
dm_ aVv

=r —=raqg-r
PRI
dv

V(h) = QLW(h)dh p = Lw(h)—

w (h)/2=/R% +(R- hy? =,/(2R- h)h
wL@ g-gq b dh _ . (g
d dt 2L./(D- h)h
— Equilibrium point: (g,gq,h)  0=(G - §) /(2Ly(D - h)h)

(if @ =0, hcanbeanyvaluein 0£h £D )
— Linearization:

dh qf
— =f h’ ’ =1
it (h,g,0q)

- g) (Nonlinear ODE)

(- Q)
(h,9,9

. f
P - +
(G -G) 0
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i N )
qh = - =0 . —
ThiFq. G- fh 2L,/(D - h)h (-G =0q)

qf -1 qf Let this term be k
(h4.9

10l .0 ] 2L - h)h' To
: ~ ~, .k | |
e Transfer function between H(s) and Q(s): -~ (integrating)

sH (s) =kQ(s) - kQ(S)

* Transfer function between \j(s) and G (s): K (integrating)
S

+ Ifhisnear Oor D, k becomesvery large and hisaround H/Z,
K becomes minimum.

P Themoded could be quite different depending on the operating
condition used for the linearization.

P Thebest suitablerangefor the linearization in thiscaseis
around h /2 . (lesschangein gain)

P Linearized mode would bevalid in very narrow range near O
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PROPERTIES OF TRANSFER FUNCTION

.. Xy(s) Yy(s)
« Additive property ——»  Gy(s) | Y(s)
Y(s) =Yi(9) +Y2(9) %.(5) % ’
=Gu(S)X1(9) +Ga(S)X2(s) | Y Vs
e Multiplicative property
X,(s) X,(s) X4(s)
X3(S) = Ga2(S) X2(9) I S I B O

=G2(5)[G1(9) X1(8)] = G2 (9)Ga(S) Xa(S)

 Physical realizability

— In atransfer function, the order of numerator(m) is greater
than that of denominator (n): called “ physically unrealizable’

— Theorder of derivativefor theinput ishigher than that of
output. (requiresfutureinput valuesfor current output)
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EXAMPLESON TWO TANK SYSTEM

« Two tanks in series (Ex3.7) c

— Noreaction | T . c
V Cl +qCJ. q L Ml . &2 |
ait \'A -0 \

v, (f;“qcz oc .
— Initial condition: c,(0)= c,(0)=1 kg mol/m?* (Usedewatlon var)
— Parameters: V,/g=2 min., V,/q=1.5 min.
— Transfer functions

C:Jl(S) _ 1 Ca(s) 1
Ci(s) (M/g)s+1 C.(9) - (Vo /q)s+1
C2(s) _ Ca(s) Gi(9) _ 1

C(s) Cus)Ci(s) ((Va/a)s+1)((Vi/q)s+1)
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 Pulse input

éiP (S) — 2 (1_ ) 0.253)

 Equivalent impulse input
C'(s)=L{(5” 0.15)d (1)} =1.25

0.25

 Pulseresponse vs. Impulse response

(1_ e 0.255)

CP(s)=—1 CP(s)=
2s+1 s(2s+1)

- 10 2(1- e
88 2s+1g

b| & (t) =51- €"?%)

- 5(1- e "9?'%)g(t - 0.25)

<oy — 125
25+1G ) (2s+1)

& =0.625¢ 2

- 0.258)

(9=

b
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1.75 | ! I T

1.50 H

c1 (kg moi/ms)

1.25

- — — |mpulse input
Rectangular pulse input

Time (min)
Figure 3.6. Reactor Stage 1 response.
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5

- 0.255)

(1-e

CP(s) =

Ci(s) = 1
(2s+1)(1.5s+1)

40 .\
2s+1 1.5s+1g

_ &
&s

s(2s+1)(1.5s+1)
225 8y o ozss

b |EZ(t) = (5- 20e "? +15e '"**)

_ (5_ Zoe-(t-0.25)/2 +15e- (t-0.25)/1.5)S(t_ 025)

1 éid (S)
(2s+1)(1.5s+1)

~ 1.25
~ (2s+1)(L5s+1)

5 3.75

" 2s+1 15s+1

b |6 =2.5e "% - 2.5e""*

C3(s) =
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¢z (kg mol/m>)

1.3 T | T T
— -— — |Impulse input _
\ Rectangular pulse input
/ \
12| | \
- | N
| A\
A\
! \
| N
1.0 1 | { |
0 2 4 6 8

Time (min)
Figure 3.7. Reactor Stage 2 response.
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