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SOLUTION OF LINEAR ODE

e 1st-order linear ODE
— Integrating factor: For%+ a(t)x= f (x), I.F.= exp(Qa(t)dt)

[xeP%e= £ ()eT" = x(t) =[ 3f(1)e®“ " dt+Cle O°

» High-order linear ODE with constant coeffs.
— Modes: rootsof characteristicequation

For a,x®+a x¢ a x = f (t),
ap’+ap+ta =a(p- p)(p- p)=0

— Dependingontheroots, modesare

Solution is a linear combination of
» modes and the coefficients are
decided by the initial conditions.

« Distinct roots: (€ *,e™")
« Double roots: (€™ te ™)

« Imaginary roots. (¢*'cosbt,e®'sinbt)
* Many other techniques for different cases

CHE302 Process Dynamics and Control Korea University = 5-2

LAPLACE TRANSFORM FOR LINEAR ODE
AND PDE

 Laplace Transform
— Not in time domain, rather in frequency domain
Derivativesand integr al becomesomeoper ators.
ODE isconvertedintoalgebraicequation
PDE isconverted into ODE in spatial coordinate
Need inver setransformtorecover time-domain solution

(D.E. calculation)
—| m— u(t)
= ODE or PDE -

Yy —»

NN
ANWWWY L IR

mwmjmm . U(S) Function Y(S) »

(Algebraic calculation)
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~~ L|{L" Lttt
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DEFINITION OF LAPLACE TRANSFORM
» Definition

F(9=L{fO} 2 f@)e “dt

F(9) is calledLaplacetransform of f(t).

f(t) mustbe piecewisecontinuous.

F(s) contains no information onf(t) for t<O0.

The past information onf(t) (for t <Q) isirrelevant.

The sisacomplex variablecalled “ Laplace transform variable”

* Inverse Laplace transform
f(t)=L"{F(s)]
— L and Larelinear. L{af,(t) + bf,(t)} = aF,(s)+ bR, (9)
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LAPLACE TRANSFORM OF FUNCTIONS

f(th

a

(™

« Constant function, a
¥
aes‘dt-—— = 8839—3
{} Q 8 S5 s
» Step function, Yt)
|1 fort3 O
f(t t
=31 = ‘O fort<O0
¥ 1 2l 1
L{S()}=peddt=- =% =0- &F ===
{()} Q S Sg S
» Exponential function, e
L{e-bt}= \¥e-bte-std= -1 e-(b+s)t¥= 1
Q s+b , Stb

f(t b<0
1
b>0
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* Trigonometric functions
— Euler'sidentity: €' =coswt + j Sinwt

| -

Korea University

sn(t)

1 iwt - iwt i = 1 jwt - it t
== sinwt=—(e"' - g} —
coswt 2(e +e ) 2]_( ) W
L{sinwt}:L:’i_e“”‘U- LlI 1 01 ae 1 1 o w
721 b 721 b 2j&s W stwg SHW
JWlu J\Mu lee 1 1 0 S

L{coswt} =L} 2e gt L% 2e

* Rectangular pulse, P(t)

iO fort>t,
f(t)=P€)=th fort,3t3 0
lO fort<0
g Nsl 2N gus
L{P@)} = dt =- ~e O—g(l-e)
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e Impulse function, d(t)

i0  fort>t,
f
f©)=dt)=lim| Ut, fort,2t20 i
" 1o fort<o0 B —
Cwl 1 s\ !
L{d(t)}—tlwlggg—e dt-!:gla(l—e )=1
QLHospltaIsruIe lim () i ft(t)o
w@o g(t) e g¢t) g

* Ramp function, t

¥
L{t} =y te™dt -
Ugal . g€° 3 e“dt—i L

=—=¢€ 0 -Q:dt——q 2 T -

-S

(Integration by part: Q fgdt = f >g| f ><gdt)
« Referthe Table 3.1 (Seborg et al.) for other functions
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PROPERTIES OF LAPLACE TRANSFORM

+ Differentiation

dfu_\¥ -t — -af¥ N - H
L ﬂ_gfcbe dt=fQe| -qgf X-sedt (byibp

=sq fredt - f(0)=sF (9)- f (0)

L fg G feed=f0)e] - §F o¢sp it =sgf te - f ¢0)
=s(sF(9)- f(0)- f€0)=sF(s)- & (0)- f ¢0)
Lidz Q £ e ddt = f (1) Ve | Qf‘”l)X( e dt

n-1

=sq f™ e tdt- {"9(0)= 5t LI (g
Ty

=s"F(s)- " f(0)- ---- A (0)- " (0)
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o Iff(0)=1"(0)=f"(0)=...=f(D(0) =0, L}iU:sF(S)
— Initial condition effectsar e vanished. [ dtf\;
. . . . N 2 O

- It|§veryconven|enttouse deviation '—i d IU:st(S)
variables sothat all the effects of P dt KV)

initial condition vanish. :
1d"f 0
LS y=sF
Py =0

 Transforms of linear differential equations.
y(O) %5® Y(s), u(t) %% U(s)

w%%@ (9 (if y(0)=0)

M = y(t) +Ku(t) (y(0)=0)%%® (¢t s+1)Y(s) =KU(s)

dt
m_ o, 1 17.(9
I T,-T)¥%®t,

T tHL(W )¥a vﬂ

+ (ST OTUE =Tu(S)

CHE302 Process Dynamics and Control Korea University 5-11

* Integration

[Qf(x)dx] Q(Qf(x)ok) e*dt

- 0
:e;/é’@.dx

. o d »o _ db(t) @(_j
?abnlzrule. Eq(t)f(t)dt _f(b(t))T f(at) T

« Time delay (Translation in time)
f(t) %Y® f(t-q)S(t-q)

L{f(t-q)S(t- q)}:Q
=€ SQ ft)e'*d =e*F(9

8 ying

1
+=0 fxe%dt=
s@

0

Qe dt=q fe)e® dt (et =t-q)

» Derivative of Laplace transform

dF(s) _d ¥ S = d ¥ Lo
=—Qf t=0 f *x— t= -t xf t=L|-txf(t
IS dsQ xe *d Q dSe d Q( )e*d [ ()]
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* Final value theorem
— FromtheLT of differentiation, as sapproachesto zero

|im§d_‘;>e-5‘dt=|3i®rrg[sc(s) -1 (0)]

Qz—fdt- f(¥)- f(0)=lim sF(9- (0) P|f(¥) =lim sF(9)

— Limitation: f(¥)hastoexist. Ifit divergesor oscillates,
thistheoremisnot valid.

* Initial value theorem
— From theLT of differentiation, as sapproachesto infinity

¥ df

liny (‘QE@S‘dtﬂsi@ng[sF(s) - £(0)]

oxdf N
lim @ & “dt=0 =lim $F(9 - £(0) P| (0) =lim sF~(s)
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EXAMPLE ON LAPLACE TRANSFORM (1)

115t for0£t<?2

ft I3 for2et<6
s)b—l f(t)=1

'|'0 for 6£t
fo  fort<o0

£(t) = 18 S(1)- 15(t— 2)S(t- 2)- 3S(t- 6)
\ F(9=L{f®)} = SZ(1 e2)- 3o

. ForF(s) =i5, find f (0) andf (¥).
S_
— Usingtheinitial and final value theorems

L .25 _ > 2s _
f(O)—IJ@ﬂ;SF(S)—IJ&—S_S—Z f(¥)—||msF(s) I|m—_5—0

— But thefinal valuetheorem isnot valid because
im ()= lima" =%
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EXAMPLE ON LAPLACE TRANSFORM (2)
 What is the final value of the following system?
x¢+x ¢ x =gnt; x(0)= x§0)=0
1

2 —_
P s°X(s 71 P x(9)= (s rs D)

x(¥)Q|

0(s2 +1)(s2 +s+1)

— Actually, x(¥) cannot bedefined duetosint term.
« Find the Laplace transform for (tsinwt) ?

dF(s) _, 1.
From 0 L[-t > (1)]

dé w u_ 2ws

L[t>snwt] =- = J =
[ an ] dS 852 +W2H (SZ +W2)2
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INVERSE LAPLACE TRANSFORM

 Used to recover the solution in time domain

LH{F(9}=f(t)

— Fromthetable
— By partial fraction expansion
— Byinversionusingcontour integral

F(t)=L{F(9) =%@ &F (s)ds

« Partial fraction expansion

— After thepartial fraction expansion, it requiresto know some
simplefor mulaof inverseLaplacetransform such as

1 s (n- 1)! e’
) 2 2! n ’ 2 y EC
(ts+) (s+b*+w s ts?+2zts+1
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PARTIAL FRACTION EXPANSION

NO__ NG __a, ., a,
D(S (5+p)-(s+p) (5+p)  (5+p,)

F(9=

» Case I Allp/s are distinct and real
— By aroot-finding technique, find all r oots (time-consuming)

— Find thecoefficientsfor each fraction
e Comparison of the coefficients after multiplying the denominator
* Replace some values for sand solve linear algebraic equation
* Use of Heaviside expansion
— Multiply both side by a factor, ( st+p;),andreplaceswith —p;.
N(s)
a, =(s+p) 5o
D(9)|.
— InverselL T:
f(t)y=ae™ +a,e™+...+a e ™

CHE302 Process Dynamics and Control Korea University 5-17

» Case Il: Some roots are repeated

N(S) _ N(s) _b.s'+-+by _ a A
D(s) (s+p) (s+p) (s+p) (s+p)

F(s)=

Each repeated factors haveto be separated fir <.
— SamemethodsasCasel can beapplied.
Heavisde expansion for repeated factors

1 d9 aN(9 N
ar-i |!d3(|)gD(S)( )38_ : (|—O, I 1)

InverseL T

ar r-1_-pt

f(t)=ae ™ +ate ” +...+
(t) = a4 2 r- 1
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e Case Illl. Some roots are complex

N(s) _  Gstg
D(s) s®+ds+d,

_a,(stb)+bw
(s+b)*+w?

F(s)=

— Each repeated factors have to be separ ated fir st.
— Then,

a,(s+h)+bw _ (s+b) N w
(s+by’+w?  “'(s+by+w’ ' (s+bf +wW

where b=d, /2, w :~Jo|0 -dfl/4

a1=¢c, b =(co- ab)/w

— InverseL T

f (t) =a.e ™ coswt + be ™ sinwt
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EXAMPLES ON INVERSE LAPLACE
TRANSFORM
(s+5) _é+ B C N
s(s+1)(s+2)(s+3) T s s+l s+2

— Multiply each factor and insert the zero value

—(S+5) :EPA+5 B +s ¢ +s D : b A=5/6
(s+1)(s+2)(s+3)|_, & s+l s+2 s+3g_,

(s+5) _a\(s+]) C(s+1)  D(s+1)¢ _
(s+2)(s+3|_, & s BT T ees gglp B=-2

(s+5) _oA(s+2) , B(s+2) D(s+2)¢ _
(s+1)(s+3|_, & s s ¢t 513 j b =32

(s+5) _@A(s+3  B(s+3) A C(s+3) _
As+l)(s+2)|_, & s s+1 S+2 +Diz3b D=-1/3

3

* F(s) = - (distinc)

3t

L > Sen_1lg
\f(t)—L{F(s)}— 2e+2e 3¢
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1 As® + Bs+C D
* F(9= +
(s+1)>(s+ 2) (s+ 1y (s+ 2)
1= (As®+Bs+C)(s+2)+D(s+1)°
=(A+D)S*+(2A+B+3D)s’ + (B+C+3D)s+ (2C+D)
\ A=-D, 2A+B+3D=0, B8+C+3D=0, 2C+D=1
P A=1, B=1, C=1, D=-1

(repeated)

— Useof Heavisde expansion ar..:lloldS ?%( j (=0 r- 1
s +S+1 ai az . _as
(s+1° (s+ 1) (s+17° (s+1)°
(i=0):a, :(s +s+1)| =1

(i=):a —%di(sz+s+l)

' l d2 s3-1
(':2):6‘1_5@(3 s+1)L1:1

=-1

—e t_ te»t +%t2e-l . e-Zl

\ f(t)=L*{F(9)}
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(s+1) _A(s+2)+B_ Cs+D
s*(s +4s+5) (s+2)°+1 g
s+1= A(s+2)$+ Bs’+ (Cs+D (s +4s+5)
=(A+C)S’+ (2A+B+4C+ D)s’ + (5 + 4D)s+5D
\ A=-C, 2A+B+4C+D=0, 5C+4D=1, 5D=1
P A=-1/25 B=-7/25, C=1/25 D=1/5
As+2+B_ 1 (st2 7 B

(complex)

JLCE

(s+2)°+1 25 (s+2)*+1 25(s+2)*+1
Cs+D_11 11
g 25s 5¢

\ ) =L" {F(S)}—-Z—lse cost-27—5e smt+%+;t
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+ -2s
F(s) = l+e _ae A +

(4s+1)@s+l) &4s+1 as+1—(1+e ) (Time defay)

A=U(ES*|_, =4, B=U(ds+D]_, =3

-1/3

4 30 e 146> 3e*U

‘4S+1 :s+1}§ '

v ro=0 {F(s)} |4s+1 $+1%

—gt4_ g3 +(e-(t-2)l4_ e-(t-2)/3)s(t_ 2)

Itisabrainteaser!!!
But you havetolivewith it.

Hangon!!!
You are half way there.
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SOLVING ODE BY LAPLACE TRANSFORM

* Procedure
1. Given linear ODE with initial condition,
2. TakeLaplacetransform and solve for output
3. InverselL aplacetransform

« Example: Solvefor 5%+4y:2;y(0):1

dy§+ L 4y } P 5(sY(s)- y(0)+4Y(s)=—
(5s+4)Y(s) :g +5 b Y(9)= 8(553;24)
l 2 0.8t
\ y) =L Y(s) = io_:+5 54%—05+05e
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TRANSFER FUNCTION (1)

o Definition
— Analgebraic expression for thedynamicrelation betweenthe
input and output of the processmodel

SQ +4y =u;y(0)=1 J(s) Transfer Y(s)
dt — MFunction, G)[
Lety=y-landi=u- 4 ~
Y9 _ 1 /
U(s) Bs+4
 How to find transfer function
Find the equilibrium point
Ifthesystemisnonlinear, thenlinearize around equil. point
Introduce deviation variables
TakeLaplace transform and solvefor output

Dothe InverseL aplacetransform and recover theoriginal
variables from deviation variables

CHE302 Process Dynamics and Control

Gs+HY(9=U($ P G(s)

agrwdNdE
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TRANSFER FUNCTION (2)

* Benefits

— OnceTFisknown,theoutput responsetovariousgiven inputs
can beobtained easily.

yt) =L Y9} =L {GsW (9} LHG(9} LH{u(9)}
— Interconnected system can beanalyzed easily.
* By block diagram algebra

faeee ez} Y(s) . GUs)G2(9)
=P X 1+GI5G2As)59

— Easy toanalyzethequalitative behavior of a process, such as
stability, speed of response, oscillation, etc.
e Byinspecting “Poles” and “ Zeros”
¢ Poles: all sssatisfying D(s)=0
e Zeros: al s'ssatisfying N(s)=0
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TRANSFER FUNCTION (3)

e Steady-state Gain: The ratio between ultimate
changes in input and output
Gainzk = 20UPUE _ (y(¥) - y(0)
Dinput  (u(¥) - u(0))
— For aunit step changein input, the gain isthe changein output
— Gain may not bedefinable: for example, integrating processes
and processeswith sustaining oscillation in output
— From thefinal valuetheorem, unit step changein input with
zeroinitial condition gives

)
1

: . 1 .

= IS|®rQsY(s) = Ll(rargsG(s); = Ll(grgG(s)

— Thetransfer function itself isan impulse response of the
SyStem  y(s) = G(s)U(9) = G(9L{d(t} = &9
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EXAMPLE

* Horizontal cylindrical storage tank (Ex4.7)

o dt Re )4
J ~ = adv dh | h
V(h):Qth(h)ohb =W F
q Wi

w(h)/2=JR +(R- hY =J(2R- h)h

dh dh_ 1
dt dt  2LJD- hh

— Equilibrium point: (G,q,h) 0=(G - Q) /(2L,kD -h)h)
(if G =0, hcan beany valuein 0Eh £D.)

(g -gq) (Nonlinear ODE)

— Linearization:
dh f — f _ f _
D trag=T1  (h- h>+L{ @ -qi>+'”~{ a-q)
dt fih (Fa9 Tia (GheEe)! fia (F9.0
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Tff _ ﬂ
an O ﬁzl_ (D- h)h

=0 (~ai=q)
h
Let this term be k
Tq{(hutr) ZLJ(D hh ﬂ{mm %

sH(s) =kQ(s) - kQ(9)

< = k
 Transfer functionbetween H(s) andQ(9 : —5  (integrating)

-1

* Transfer functionbetween 1 (s) and G (s): k (integrating)

. Ifﬁisnear Oor D, kbecomesveryIargeandﬁisaroundﬁ/Z,
k becomesminimum.

P Themode could be quitedifferent depending on theoper ating
condition used for the linearization.

P Thebest suitablerangefor the linearizationin thiscaseis
around h /2. (lesschangein gain)

P Linearized model would bevalid in very narrow range near O
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PROPERTIES OF TRANSFER FUNCTION

L Xy(s) Y(s)
* Additive property ——  Gy(s) Y(s)
Y(9)=Yi(9+Y¥%(9) 5) :
=G)X()+GE)X(s) ~ T ) [y
* Multiplicative property
Xy(s) Xa(s) Xa(s)
X3(S) = Gz(s) % (9 N Y S5) .

=G (S)[Gi(8)X1(S)] =G ()G (S) % (9)

* Physical realizability
— Inatransfer function, the order of numerator(m) isgreater
than that of denominator (n): called“physically unrealizable”

— Theorder of derivativefor theinput ishigher than that of
output. (requiresfutureinput valuesfor current output)
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EXAMPLES ON TWO TANK SYSTEM

 Two tanks in series (Ex3.7)

C
— No reaction "__1 LG 1 )
dc, . G
V +
@ aG =dq v 1, q
dCZ +qc, = qg - V2

e 2
e 3.4. Two-stage stirred-tank re ystm

- Inltlal condition: c,(0)= c,(0)=1 kg Mo/’ (Usedewatlonvar)
— Parameters. V,/g=2min., V,/q=1.5min.
— Transfer functions

G _ 1 G(s) 1
Ci(s) (M/gs+1 Ci(9 B (V2/q)s+1
Ca(s) _ Ca(s) Cu(s) _ 1

C(9 Gu(9 C(9 ((Vo/a)s+1)((Vi/ 6)s+1)
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e Pulse input P

GP(9) :2(1_ 0% T1

* Equivalent impulse input
Cl(s)=L{(5" 0.15)d(t)} =1.25

« Pulse response vs. Impulse response

G (s) =%éf’(s) = oo ¢ o
_g5. 10 0, oms "
83 25+ 1y
p[& (1) =51- 7?)
- 5(1- e (*02) gt . 0,25)
125
G ( 9= 2er1 G"( )_—(2s+1)
b =0.625¢ tz Figure 3.6. Reactor S;;r:e:’:siwnse_
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-0.25 S)

T

CL(s) = 1 CP(s) = 5 (1-
(2s+1)(1.5s+1) s(2s+1)(1.5s+1)
_ab_ 40 225 0y oms
s 2s+1 1.5s+1g
b |€F(t)=(5- 20e 2+ 15e %)
- (5- 20e 02972 4]5g (-029)15) gt (,25)
Gd(s) = 1 GO (s) e
(2s+1)(L5s+1) N\
_ 1.25 S AN 1
T (2s+1)(15s+1) " \\
5 375 ol N ]
T 2s+1 15s+1

ble; =2.5""- 2.5
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