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SOLUTION OF LINEAR ODE

o 1st-order linear ODE
— Integrating factor:  For (;—)t(+ a(t)x= f(x), I.F.= exp(¢p(t)dt)

(xe? 6= £ )@Y = x(t) =[of ¢)eC " dt +Cle T

 High-order linear ODE with constant coeffs.
— Modes. roots of characteristic equation
For a,x®+ a x¢+a x = f (t),

a,p’+ap+a;=a,(p- p)(p- p)=0

— Depending on the roots, modes are

« Distinct roots: (€ Pt e pzt) Solution is a linear combination of
bl (e ot plt) > modes and the coefficients are
* Doubleroots: ' decided by the initial conditions.

 Imaginary roots: (€ cosbt,e® sin bt)
« Many other techniques for different cases
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LAPLACE TRANSFORM FOR LINEAR ODE
AND PDE

 Laplace Transform
— Not in time domain, rather in frequency domain
— Derivatives and integral become some operators.
— ODE is converted into algebraic equation
— PDE is converted into ODE in gpatial coordinate
— Need inverse transform to recover time-domain solution

(D.E. calculation) .
—| — u(t) yy —» /
ODE or PDE |
-1 J'J -1 -1
AAA S N L S AVAVA
ANV Transfer - (\W
Function
WWWWWWWWM a«— U®® Y(9 —» aavvianvivy
(Algebraic calculation?
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DEFINITION OF LAPLACE TRANSFORM
o Definition
—_ A \¥ - st
F(s)=L{f@®)} = ft)e at
— F(s) is called Laplace transform of f(t).
— f(t) must be piecewise continuous.
— F(s) contains no information on f(t) for t <O.
— The past information onf(t) (for t <0) isirrelevant.
— The sisa complex variable called* Laplace transform variable’
 Inverse Laplace transform
—1 -1
f(t)=L"{F(s)}
— L and L™ arelinear. L{af, (t)+Dbf,(t)} = aF,(s) + bF,(s)
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LAPLACE TRANSFORM OF FUNCTIONS

e Constant function, a f(tha
¥
¥ ) a . e an a a
Liaj=Qaeddt=-—e%| =0- &= ===
{} Q S 0 8 Sg S 0
o Step function, $(t)
il fort3 0
f(t) =S(t) =i f(ta
10 fort<O 1
¥ 1 R ¥ &10 1 >
L{St)l = edt=- Ze?| =0- o= =Z== t
{ ()} Q S 0 Sg S

 Exponential function, e

f(t b<0
¥
! N -1 1
L{e bt} =Qe Yo tdt =——e "N = —— Kmo

s+b o S+tb | >

[HEN
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 Trigonometric functions —
— Euler'slidentity: €™ = coswt+ jsinwt f

coswt :%(e""Vt +e th) sinwt :Zij(eth . e‘”“) % t

s =LfLem)- L emy= 2t L0 W
12] f\; i4] g 2j&s- jw s+jwg ST+w

wl_le 1 1 6_ s

[\3 2&s- jw s+ wg s +w?

 Rectangular pulse, P(t)

10 fort>t,
1 ()
ft)=Pt)=th fort,3t3 0 N
i
10 fort<O . —
Y h

L{P()} = )"he “dt =- ge-st

0 :g(l- e'tws)
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« Impulse function, d(t)

i0  fort>t,
f(t)=d(t) =lim[1/t, fort, 3t 0
" 1o fort<0
T \twl - ot T 1 _atws) —
L{d(t)}—t!ngg)Qae dt_!:@rpotw—s(l e"*)=1

ﬁ'HospitaI's rule: Iimm: lim -
& @0 g&t) g

t®0 g(t)
« Ramp function, t
L{t} = Ste'S‘dt

¥ - st

:Le'St - Se_dtzl

-S|, - S S
R

¥

Q

148

L
SZ

e ddt =

¥

f(té‘"
1/t
»

(Integration by part: ¢ f'xget = f x| -  f xgd:lt)

 Refer the Table 3.1 (Seborg et al.) for other functions
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PROPERTIES OF LAPLACE TRANSFORM

» Differentiation
\Z g feesdi=fEe - Qf -9 d (byibp)

é|g=

w

s@ f e Sdt - f(0) =sF(s) - f(0)

—

—_— ——

2| <

N

o<
|

¥

g feesa=f e[

fob( s)e ddt = sQfG>e5‘dt f ¢0)

s(sF(s)- (0))- f €0)=s’F(s) - sf (0) - f €0)

d"f

1d"f
Lig gzc‘g fe tdt = £ () "Ve ] - @f(”'”><(—s)e'3tdt
|

n-1
_SQf(nl)>estdt nl)(o) Sg :C;njgo f(n-l)(o)
I [1)]

=s"F(s)- s"*f(0)- ---- sf™?(0)- ™ (0)
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e Iff(0) =f'(0) =f" (0) =...= f(™D(0) = O,
— Initial condition effects are vanished.
— It isvery convenient to use deviation L"

: —y =S°F(9)
variablesso that all the effects of Tt
Initial condition vanish.
1d"fo
Li 7 =S"F(s
%dt” ()

 Transforms of linear differential equations.
y(t) %5® Y(s), u(t) ¥a3%® U(s)

%%b@ sY(9 (if y(0)=0)

t YO _ k) eKu) (y(0)=0)%5® ( s+ 1)V (s) = KU (s)

dt
m._ m 1 179 N
ﬂtL =-V ﬂZL +'[ N (Tw B TL) Y@t HLV? + (t HLS +1)T|_(S) —TW(S)
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e Integration

{Qf(x)dx} Q(Qf(x)dx)e‘Stdt

o

:‘f;éf(/x)’dxo i(j f mstm_% (by i.b.p)
gLebnlz rule: EQ f¢)dt =f@o(t)——2 db(t) - f@(t) —= da(t)o
« Time delay (Translation in time) f(tT
F(O) %Y@ f(t- q)S(t- q) |q/—t

L{f(t-q)S(t-q)}=5f(t-q)e'Stdt:(‘Sf(t)e's(“q)dt (lett =t-q)
_equ f(t)e'*dt =€ ®F(9)

* Derivative of Laplace transform
dF(s R st d st 44 — s
di)_d_sqf ot = QfX—e dt = Q(tXf)e dt = L[- txf (t)]
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 Final value theorem
— From the LT of differentiation, ass approachesto zero

Iimfj%m’s‘dt =lim[sF(9) - f(0)]

s®0

S%dt: f(¥)- £(0)=limsF(s)- f(0) P |f(¥)=limsF(s)

— Limitation: f(¥) hastoexig. If it divergesor oscillates,
this theorem is not valid.

 Initial value theorem
— From the LT of differentiation, ass approaches to infinity

oxdf o
Lg@rmam dt—ISgQ[sF(s)- f (0)]

cooxdft o s
L&@Qae dt—O—IS!@rQsF(s)- f(O) b f(O)—I;@rQsF(s)
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EXAMPLE ON LAPLACE TRANSFORM (1)

115 forO£t<?2

fit 13 for2£t<6
3 f(t) =i
] . '|'O for6£t

- S {0 fort<0
f(t) =1.5t(t) - 1.5(t - 2)S(t - 2) - 3S(t- 6)
\ F(9 :L{ f(t)} :18'_25(1_ e%)- ge-es

. ForF(s):é,findf(O) and f (¥).

— Usding the initial and final value theorems

2

: .25 _ L > S _
f(o)—L{@rQSF(S)—Q@rQQ—Z f(¥)—2®rg§(s)—$rg—s_5—0

— But the final value theorem is not valid because
i 1) =12 =¥
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EXAMPLE ON LAPLACE TRANSFORM (2)

 What is the final value of the following system?
X¢+x ¢+ x =gnt; x(0)=x¢0)=0
1
P s*X(s)+sX(9+ X= b x(s)=
(5) (9 s°+1 © (s*+1)(s*+s+1)
x(¥)§im > =0

0 (2 +1)(2 +S+1)
— Actually, X(¥) cannot be defined dueto sin tterm.
« Find the Laplace transform for (tSinwt) ?

dF(s) _

From =L[-tx (
Js -t )]
: dé w 2V'S
L[t>s|nwt]:-—e2 292 2 2\ 2
ds&s?+w?H (s?+w?)
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INVERSE LAPLACE TRANSFORM

e Used to recover the solution in time domain

LYF(9)} =1 ()

— From thetable
— By partial fraction expansion
— By inversion using contour integral

f(t)=L"{F(9} :%@zeﬁF(s)ds

e Partial fraction expansion

— After the partial fraction expansion, it requires to know some
smple formula of inverse Laplace transform such as
1 S (n-21)! e
ts+d) (s+b)?+w?®’ s 't +2zts+1l’
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PARTIAL FRACTION EXPANSION

:N(S): N(S) = a; +...+ an
D(s) (s+p)--(s+p,) (s+p) (s+pn)

F(s)

« Case I: All p/'s are distinct and real
— By aroot-finding technique, find all roots (time-consuming)

— Find the coefficients for each fraction
» Comparison of the coefficients after multiplying the denominator
* Replacesomevaluesfor sand solvelinear algebraic equation

» Useof Heaviside expansion
— Multiply both side by a factor, (s+p;), and replace s with—p;.

N
a; =(s+p N(s)
D(S) S=-p
— Inverse LT:
f(t)=a,e™ +a,e™+...+a e ™
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« Casell: Some roots are repeated

_N( _ N(9 _bsi+o+b_ a, . a

D (s+p) (stp) (stp) (stp)

F(s)

— Each repeated factors have to be separated first.
— Same methods as Case | can be applied.
— Heaviside expansion for repeated factors

~1.d9 aN()
Ari =520 €
i1ds"” gD(s)

(s+ p)rg (i=0,---,r-2
s=-p
— Inverse LT

a
f)=a,e " +a.te P +...4— g™
0)=2, ’ (r-21)!
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« Case lll: Some roots are complex

N() __GS+G  _a,(stb)+bw

F(s) =
s) D(s) s°+ds+d, (s+b)*+w’

— Each repeated factors have to be separated first.
— Then,

a,(stb)+bw _ (s+h) N w
(s+b?+w?  (s+b)*+w?® '(s+bh)’+w?

where b=di/2, W =~/do- dZ/4

air=¢, b= (Co- a]b) /w

— Inverse LT

f(t)=a,e ™ coswt+be *sinwt
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EXAMPLES ON INVERSE LAPLACE

TRANSFORM
* F(s)= (5+5) AL B ¢ 4P (distinct)
S(s+1)(s+2)(s+3) s s+1 s+2 s+3

— Multiply each factor and insert the zero value

(+5 | _®,, B, . C D a5
(s+1)(s+2)(s+3)|_, & s+l s+2 s+3g__
(S+5) :wA(s+1)+B+ C(S+l)+ D(s+]) .: > Be.o
S(s+2)(s+3|_, & s s*2 s34,

(s+5) _A(s+2) N B(s+ 2)+C+ D(s+2)
s+1)(s+3)|_, & s s+1 s+3

(s+5) _aaA(s+3)+B(s+3)+C(s+3)+D
(s+1)(s+2)|_, & s s+1 S+2

j p C=3/2
S=-2

j P D=-1/3
s=-3

| FO LR} =2- 260+ e S
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1 As+Bs+C D
PO e sr 2T (st (seg ePeed

1=(As* +Bs+C)(s+2) + D(s+1)?
=(A+D)s’ +(2A+B +3D)s” +(2B+ C +3D)s+ (2C + D)
\ A=-D, 2A+B+3D =0, 2B+C +3D =0, 2C +D =1
b A=1, B=1, C=1 D=-1

. : _1.dY aN(9 ' .
— Useof Heaviside expansion a,.; = g gm( p) - (i=0,r-17
s=-p

S+S+l a1 a2 N as
(s+1)° (s+1) (s+1? (s+1)°

(i =0): a3=(s +s+1)5:_1=1

: 1d

=1): = 52 =-

(i=1:a, 11-d§2( :Sﬂ)s-l 1

(i=2):a,==—|s +s+1} =1
2!dsz( )S__l

\ fO) =LYF (9} =e"- te +%tze“ e

CHE302 Process Dynamics and Control Korea University 5-21

(s+]) A(s+2)+B Cs+D

‘ F(S)_S(S +4s+5) (s+2)°+1 s*

(complex)

s+1= A(s+2)s’ + BS’ +(Cs+D)(s +4s+5)
=(A+C)s’+(2A+B+4C + D)s” +(5C +4D)s+5D
\ A=-C, 2A+B+4C+D=0, 5C+4D=1, 5D=1
b A=-1/25, B=-7/25, C=1/25, D=1/5
A(s+2)+B _ 1 (s+2) 7 B
(s+2)2+1  25(s+2)%+1 25(s+2)2+1

Cs+D _ 11 11
s° 255 55

\ f(t)=L{F(9)} =- 2—15e'2t cost- %e’zsint+%+%t
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-2s 0
1+e _®e A B 2(1+e'25) (Time delay)

" (4s+1)(3s+1) &ds+1 3s+ly

o F(S)

A:1/(3S+1)|s=-1/4 =4, B :1/(4S+1)|s=-1/3 =-3

N X i _2S -ZSU
\ f(t):L’l{F(S)}:L-l:, 4 3 -U+|_'1|'4€ 3
14s+1 3s+1)  j4s+1 3s+1})

:e-t/4_ e—t/3+(e- t-2)/4 _ e—(t-2)/3)S(t_ 2)

It isa brain teaser!!!
But you have to live with it.

Hang on!!!
You are half way there.
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SOLVING ODE BY LAPLACE TRANSFORM

« Procedure
1. Given linear ODE with initial condition,
2. Take Laplace transform and solve for output
3. Inverse Laplace transform

« Example: Solvefor 5%+4y=2;y(0):1

L}5%§+L{4y} =L{2} P 5(sY(9)- y(o»+4v(s):§

2 5s+2
5s+4AY(S)=2+5 b Y(s)=
(5s+4)Y(s) == = qoor
_ 1105 25 _
Vvt =LYl =Lt 22 = 0.5+ 0.56 °#
y®) { ()} } S 5s+4%

CHE302 Process Dynamics and Control Korea University 5-24




TRANSFER FUNCTION (1)

o Definition
— An algebraic expression for the dynamic relation between the
input and output of the process model

d - -
5d_y +4y =u; y(0) =1 U(s) Transfer Y(s)
t ~ "lFunction, G(s) T
Lety=y-landli=u- 4
5 - Y(s)_ 1
55+4)Y(s)=U(s) b —~= G(s
(5s+4)Y(s) =U(s) 0(9 5s+4 (s)

« How to find transfer function

Find the equilibrium point

If the system is nonlinear, then linearize around equil. point
Introduce deviation variables

Take Laplace transform and solve for output

Do the Inverse Laplace transform and recover the original
variables from deviation variables
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arwdhE

TRANSFER FUNCTION (2)

» Benefits

— Once TF isknown, the output response to various given inputs
can be obtained easily.

yt) =LY (9} =L {G(s)U(s)} * LH{G(s)} L H{U ()}
— Interconnected system can be analyzed eadly.
» By block diagram algebra
X0—eie2 % Y(s) GU9G2(s)
[ o3 = (9 1+GU9GAIGIS

— Easy to analyze the qualitative behavior of a process, such as
stability, speed of response, oscillation, etc.
* By inspecting “Poles” and “ Zeros”
* Poles: all sssatisfying D(s)=0
» Zeros: all sssatisfying N(s)=0
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TRANSFER FUNCTION (3)

o Steady-state Gain: The ratio between ultimate
changes in input and output

Douput _ (y(¥) - y(0))
Dinput  (u(¥) - u(0))
— For a unit step change in input, the gain is the change in output

— Gain may not be definable: for example, integrating processes
and processes with sustaining oscillation in output

— From thefinal value theorem, unit step change in input with
zero initial condition gives

Gain=K =

¥ : : 1 .

K :M: lImsY(s) =limsG(s)—= limG(s)
1 s®0 s®0 S s®0

— The trandfer function itsdlf is an impulse response of the

System  y(s) = G(s)U(9) =G (s)L{d(t)} =G(s)
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EXAMPLE

 Horizontal cylindrical storage tank (Ex4.7)

dm_r av Cra-r

a a4t

V(h) = QLw(h)th ‘:'j_V_L (h)
w(h)/2 =R +(R- hy :,/(2R- hh

V\AL@ZQi-q P dh: !
dt d 2L/ -h)h

~ Equilibrium point: (G,q,h) 0=(Gj - )/(ZLJ(D h)h)
(if g =0, hcanbeanyvaluein O£h £D

— Linearization:
dh

o= fha. q)-ﬁ

(q-q) (Nonlinear ODE)

f f _
-+ (g-g)+ 0 g-q)
(R9.9) 191509
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ll N | 1 o
L “G-0)—— - =0 (+G=
Tie g @- D5, 2LJO-hh (G =70

qf -1 q Let this term be k
(9.9

] — oLJo-hh T
. 7 ~a. K . .
» Transfer function between H(9 and Q) - (integrating)

sH (s) = kQ (s) - kQ(9)

* Transfer function between (g and Q(s): K (integrating)
S

« Ifhisnear 0 or D, kbecomesvery largeand hisaround h/2,
k becomes minimum.

P The mode could be quite different depending on the operating
condition used for thelinearization.

P The best suitable range for thelinearizationin this caseis
around h/2 . (lesschangein gain)
P Linearized model would be valid in very narrow range near O
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PROPERTIES OF TRANSFER FUNCTION

L X,() Y,(s)
« Additive property ——»  G,s) %ﬁ
Y(9 =¥(9+¥(9 o :
=Gi(S) % (S)+ G2 (s)X2(s) 1 ¥ Ve
 Multiplicative property
X,(s) X,(s) X,(s)
X3(S) = G2(S) X 2(S) S I OB

=G, (9)[G1(9X(8)] = G (I Xa(9)

 Physical realizability

— In atransfer function, the order of numerator(m) is greater
than that of denominator(n): called “ physically unrealizable”

— Theorder of derivative for the input is higher than that of
output. (requires future input values for current output)
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EXAMPLES ON TWO TANK SYSTEM

 Two tanks in series (Ex3.7) S

— No reaction |? . C
d | T .G
Cl + qcl = DJ—D 3
dt Vi -]
d Stage 1 \/2
Vz—c,[?"'qcz =aG L
— Initial condition: c,(0)= c,(0)=1 kg mol/m? (Use deviation vyar'.)
— Parameters: V,/q=2 min., V,/g=1.5 min.
— Transfer functions
C::l(s) — 1 Ca(s) _ 1
Ci(s) (Mi/qQ)s+1  Ci(s) (Va/g)s+1
C2(s) _ Ca(s) Gi(s) _ 1
Ci(s) Cus) Ci(s)  ((Va/a)s+1)((Vi/ a)s+1)
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* Pulse input &P
1
<P 5 -0.25s 5
i = — 1_
G (s) S( e ) L ~

 Equivalent impulse input
Ci(s) =L{(5 0.15)d ()} =1.25

. Pulse response vs. Impulse response

C s) = P _ 1- € 0.25s 1.75 T T T T
1 ( ) S ( ) (28+1)( ) — — — |mpulse input )
_ @ 10 0(1 -0. 255) 150 I
Ss 2s+1g

¢1 (kg mol/m)

bl (1) =51- e7?)
- 5(1- e (-02972) gt - 0.25)

1.25

< 1 =« 1.25
d(g)=———C(s)=
G 2s+1 (s) (2s+)) 100, -
b q-d = O_62$_t/2 Figure 3.6. Reactor St;;n;e:n:z;ponse.
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Cf(s) = - =P (s) = > (1- e °%%)
(2s+1)(1.5s+1) s(2s+1)(1.5s + 1)
_ab_ 40 | 25 5 oms
&s 2s+1 1.5s+1p
b (&7 (t) = (5- 20e 2 +15e "*®)
- (5- 20e (10292 4 15 (+ 0.25)/1.5)S(t_ 0.25)
Y (s) = 1 Gl (s) T e
(2s+1)(L5s+1) N\
_ 1.25 S AN :
 (2s+1)(L55+1) ctamns | | \\
_ 5 375 o \ .
T 2s+1 15s+1 |
b |6 =25e"- 2.5e""° ) -

CHE302 Process Dynamics and Control

Time (min)
Figure 3.7. Reactor Stage 2 response.
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