Chap. 27. Unsteady-state molecular diffusion

transient process, unsteady-state process, time-dependent processes
~ concentration (and mass flux) at a given point varies with time
~ an initial startup, a batch (or closed-system operation)

equation of continuity for component A,

— 0 0
V- nyq+t 04 ac;l

o=o(t,x,y,2), ca=ca(t x,y,2) in a rectangular coordinate

ot _7A=O/ V'm)'i‘

—RA=O

requirements of solution : mathematical details! (G.E.,, B.C. & 1.C.)

1. Analytical solutions

one-dimensional(~z) mass transfer in Fick’s 2nd law of diffusion ~ governing equation
d 9’ -
ac; = Dyg GCZA ; w/out bulk motion( v= (), w/out chemical reaction( R4 = ()
z
doa %04  Owa wa . 9T _ 3T -
cf.) ot = Dp 02 ' ot = Dp o2 ot =a Py Fourier’s 2nd law

- mathematical techniques: separation of variables, similarity method, Laplace transforms

(1) Transient diffusion under conditions of negligible surface resistance

2
CAs z=L - dca 0°ca
G.E.: ot _DABiazZ
t— oo =0 L B.C's: cp=rcas at z=0
CA= Ca,s at z=L

CAs CAp Z=

1.C. CAZCA,O_(CA,O_CA,s)% at t=0

i a0 826 Cap— Cap,
Solution : G.E.: ot =DAB?, when = ﬁ(t,z)zm'

B.C’s: §=( for z=0 & L, LC: f= 1—% at t=0

Separation of variables: 0= T(HZ(z), 27 S =—2<0

Z +A%Z=0 with Z(0)=2Z(L)=0

Z(z)=%1c05/12+a23in/12 - Z,=a sinZ & Tn=a3exp(—DAB(%)2t)

L
as Z(0)=0 & Z(L)=aysin(AL)=0 — A=%: cigenvalue
0= zlansin( ?Z )exp(—DAB(%)2t> - 0(0,2)=1—%= zlansin(%)
an=%f0L(1—%)sin(nTm)dz — an=%
0= 721?0_—621: = 21% Sin(%)exp(—DAB(%)zt»
N4 .=—Dap aac; = 2€AB(CA,3_CA,O) 21COS( nlirz )eXp(_DAB(%)zt)
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(2) Transient diffusion in a semi-infinite medium
6‘cA 0 2CA

Ca
CA,s
B.C’s: cy=cy, at z=0
t [e) ’
CA = CA,O as Zz—>0o0
CA0 V4
I.C.: ca=cyy att=0
Solution : Similarity method
_ _Ca—Can _ (2 DABt)=f( DABt)
CA,s— €CA,0 210 z°
Y= Y(t 2)= Y & 7= —+2——: similarity variable
(t,2) () 7 2@ y

dy  ADupt dy’

oY _ ondY _ 3 dY. 82Y=<i7z>2d2Y 1 dv
0z

Tt dp 2 dy’ 92

t
Cdca _, 0%ca &Y o dY _
GE:—5, =Das— 3 (PDE) = +27%, =0 (ODE)

BC/s & I1.C. > Y=1 at =0 & Y=(0 as p—o©
=AYy’ y=btb [eFdE

let p(”)_Tn =
_ CaTCa0 _,_ 2 (7 & _ 4_ z
Ca,s—CA0 L \/72' fo ¢ dé 1 e?’f( 2\/ DABt)

cf.: Error function: erf(¢)=%ﬂ_ foxej’zdy ~ x for x0.4 (& L)

erf(0)=0, erflo)=1, er(—¢)=—erf(¢)

2. Concentration-time chart for simple geometric shapes
Gurney-Lurie chart : flat plate, long cylinder, sphere (¥ F, p. 734)
— partial differential equations for heat conduction and molecular diffusion

Four dimensionless ratios:
. . Cas—Ca . . Dyt
Y =unaccomplished concentration change = —"—"—, X ,=relative time = 5
Ca,s— €A X1
_ . . _ Dyg
m= relative resistance =
koxy

n= relative position =7,
1

where x : distance from center to any point
k. : convective mass transfer coefficient

(x = AL TN BAEZA ] Aol w2 A))

-

Assumptions
- Fick’s 2nd law of diffusion: w/out fluid motion, w/out production & uniform D p

- Initial uniform concentration, ¢4

- Boundary remains constant with time
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3. Numerical methods for transient mass transfer analysis

(9CA . 82cA
3l‘ — UYAB 822

- Finite Difference Method: (partial differential)—(finite difference) HWA 2 2] Hej 2 A

- Fick’s 2nd law of diffusion :

dca _ CA,Z| i CA,2|,
ot At
5 CA,tl oy CA,t|- _ CA,tl - CA,tl s
d°ca _ 4z 4z _cad .= 2cad tead,
92* 4z (42)*
cad, ,—cazl, D cad . .—2cad. tead, |
At AB (42)°
DypAt
cal = cadl T (42)° [ead . —2cad +ecad, 1]
Dyp At
Diffusion number: AiBZ <L for stable solution
(42)* — 2
Dapdt _ 1 1
when (Az)z = 97 cA:Zl t+at 5( cA:tl z+Az+ CA’A z—z]z)
Dap(cas—cai)
NA,2| t= Asx £
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