Stability Analysis of PDEs

Part I. Fiber Spinning Process
Stability analysis of Newtonian fluids in spinning process

1. Characteristics of spinning processes

e Typical extensional deformation processes: spinning, film casting, tubular film
blowing, coating, etc.

e Schematic diagrams of several processes:
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Spinline variables:

spinline velocity, spinline radius, temperature, stress,
strain rate, apparent extensional viscosity,
crystallinity, orientation (Birefringence), etc

e Phenomena occurring in the spinline
Rheological deformations (mostly extensional but some shear also)
Cooling/solidification (coagulation)
Orientation
Crystallization

e Important subjects in the dynamics of spinning
Spinnability ; Stability ; Sensitivity ; Productivity
(D Spinnability: the ability to pull a melt out into a long thread
pre-requisite for fiber spinning / melt fracture
ductile fracture (=necking), cohesive fracture (=brittle fracture)
capillary jet stability (surface tension versus extensional viscosity)
(2) Stability: the most important factor of productivity (including product quality)
Draw resonance - a unique instability phenomenon / even for Newtonian fluids
self sustained periodic oscillation of spinline variables
(spinline cross-sectional area, spinline tension, etc.)
(3 Sensitivity: propagation of processing disturbances
effects of the various process and material variables
empirical approach

simulation studies (steady/transient responses, frequency response)
@ Productivity: high spinning speed, fiber quality control, stable operation

e Typical instabilities occurring in the spinning
(D Filament breakage (or spinnability): Capillarity
Ductile fracture (=necking)
Cohesive fracture (=brittle fracture)
@ Melt fracture
(3 Draw resonance: Periodic variations of process variables (most notably extrudate
cross-sectional area) with respect to time, occur and critically affect the process
productivity as the drawdown ratio is increased beyond certain critical values. This
intriguing instability phenomenon frequently arises in many extension deformation
processes such as fiber spinning, film casting, and film blowing.
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2. Linear stability analysis of Newtonian fluids
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(1) Governing equations

e Assumptions: one-dimensional flow, isothermal, no secondary forces included,
starting point: max. extrudate swell
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Area: A,
velocity: Vo
Temperature: T,

g : 2 Area: A_
—p velocity: Vi

Temperature: T.
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Boundary conditions: A=A, V=V, at z=0
V=VL=rV, at z=L

Constitutive eqn.: ¢, = 27

(2) Dimensionless variables




(3) Dimensionless governing equations

Eqn. of continuity: —‘3? + _8((;1;) =0

. . .0 ( _8V) _
Eqn. of motion + Constitutive eqn: ax \d7ox 0

Boundary conditions: a=v=1 at x=0

v=r at x=1

(4) Steady state
v=r* or a=r*

(5) Linear stability analysis

Governing ODE System y = state variables
PDE System R( 5 ) 0 a0 ..
Transient response =YY PJ=2 p = parameters
(Dr, De,...)

Linearization R, =0R/0dy, etc.

Small perturbation on steady states |
iAZ + iAZ + EAp =0

Linearized Transient Frequency Response Linear Stability
General disturbances Ongoing disturbances Initial disturbances
sinusoidal normal modes
JAy+MAy+F Ap=0 (0+ioM)z =F ~Jp =AM
J=R,, M=R,, F=R, Ay =zexp(iot) Ay = exp(it)
= = - Ap = exp(iot) Ap=0
o = Frequency A = Eigenvalue

® = Eigenfunction



a. Perturbation variables:

a(t,z) = a(z) +a(z)e?, v(t,z) = v.(z) +B(z)e?

or a(t,z) = a(z)(Q+a(z)e?), v(t,z) = v.(z)(1+ B(z)e?)

b. Linearized governing equations: — homogeneous ODE
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c. Differentiation
Eqgn. of continuity
i=1, Zentral differences)
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i=n, (Backward differences)
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Eqgn. of motion + constitutive eqgn.
i=1, (Central differences)

(B df;,;-l 8,) — (In r)*(ﬁzzdxﬁu) = — rx'z(ln i, — rx'z(lnr J%zdxau)
. — 28+ — . % —
i=2, (B; df}f B _ (In I‘)*(ﬁzdxﬁl) —r '2(111 Nia,— r 'z(lnr) f“:azdxal)
- (By = 28411 Bn-s) (By — Bn-2)
i=n-1, —""- dle 22 — (lnr)— 9dx 2

= — ' 'z(lnr)zan_l— re '2(11'11')*('&.n ';di"_z)

d. Matrix from
Ada = B(n,n)a+ C(n,n—1)8
D(n—1,n)e = E(n—1,n—1)A
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@ C(n,n-1) =

e. Methods for evaluating eigenvalues from eigensystems
(D Shift-invert transformation method

K 1 ; 1
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- In general, the eigenvalues associated with the equations that are not time

dependent are indefinitely large.

- These infinite eigenvalues have to be removed from the equation system.

Otherwise, they will be the ones with largest real part.




Ay = OQMy (M: mass matrix. M is singular in this case.)
= Av— oMy = My — oMy = (2— 0) My (shift & s real)

:@1_51= (A—oM) 'My =puy = By

C.eigenvalues: pg = ml_ 5

- The infinite eigenvalues of the generalized problem are mapped into zero
eigenvalues of the simple eigenvalue problem.

(2 Matrix transformation for the simplified eigenproblem
B = E 'Da
— e = Ba+ CE 'Da
— Ma=Fa E=B+CE'D)

Table 1. The largest real and imaginary parts of eigenvalues at various r.

r real part imaginary part

15 -0.628 13.075

20 -0.0237 13.975
20.218 0 14.009

22 0.181 14.273

25 0.459 14.674

Table 2. Critical drawdown ratio with the number of mesh.

Number of mesh Critical draw ratio

100 20.2611
200 20.2286
300 20.2227
400 20.2206
500 20.2195
700 20.2188
1000 20.21841
1100 20.21834
1200 20.21828

2000 20.21809




Part Il. Linear Stability Analysis of Catalytic Reaction

e Governing equations
- Chemical reaction A — 3 in a porous catalyst pellet

Surrounding fluid

c=c r=1 N
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Figure: Schematic diagram of diffusion and reaction in a porous slab catalyst.

- Assumptions: 1st-order reaction.

there is no surface resistance to the transport of mass or energy.

dc _ D_azc — ke ~ERT

ot 372 c
OT _ o 0°T | [—4H]k _ —grr
Py Dy 37 + oc, e c
B.C.. c=c;, T=T; at 2z=L
ac T ~
v = -7 = t =0
0z 0, 0z 0 at z

(D: effective mass diffusivity, D+: effective thermal diffusivity)

e Dimensionless governing equations
- Dimensionless variables:

_ _ T _ L% _ D .
X = c; y = T, * a D L Dy (Lewis number)
__E_ 4 [—4H]c; L (= Dt _ z
7T RT, pc, T, L2 L
- Dimensionless governing equations
0x _ 0% _ -y dy _ 9% —ly
ot 92 OXE , L ot Py + aBxe
B.C:. x=y=1 atz=1
—aX = —ay = =
oz P at z=0

- define F(y) =[8+1—vle



e Steady-state catalyst particle
x. —axe =0, v.+aBxe =0
B.C.. x, (1) =y, (1) =1, x',(0) =y'5(0) =0

2
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(steady state is independent of the Lewis number)

e Linear stability analysis
(1) Casel: Adiabatic perturbation, L=1

2
_ow _ 9 W w=px+y (w: residual enthalpy)
ot 0z°
B.C.w=1+p atz=1
ow =( at z=0
0z
2
- Another expression of energy eq.: ‘;i’ = —g Y +alw —yle
/2

If the systems is initially perturbed from the steady state such that following
relationship is preserved ( fx +yv =1+ at t=0). w is a constant as 1+

X =Y+ aF ()

- Linearization of above equation by defining, 7=y —y,
-gf = —gig +aF (v)n
B.C.: -32 =) atz=0; n=0 atz=1

linear homogeneous PDE with linear homogeneous B.C.

Method for solving the above linearized equation:
the method of separation of variables, 7= 6(t) ¢(z), ® )=¢ )=0

0= 0¢" + aF (v,)0¢

— 9—20=0, ¢ " +[—A+aF (v)]¢=0 (A s a constant): @=e™
The eigenvalues are all real, so an oscillatory response is impossible.

2
For the largest eigenvalue, A<amaxF’(y,) — -7;‘

(2) Case 2: L=1
- Adiabatic perturbation is the worst perturbation for the catalytic reaction with L=1.
- Define two deviation variables: =y —vy,, o=w—w,=w—1—f

2 i
_317;] = —gzg +aF (v)n+ ae ™o



dw _ 0w

ot 0z>
. Oy _ dw _ _ o _
B.C.: o o2 0 atz=0, n=w=0 atz=1

- By separation of variables,

n=0,(1) #(2) , o= 6,(1) ¢(2), ¢ (0) = ¢ (0) = #(1) = ¢(1) =0

O _ 7+ aF (y)b+ae 416,/6)) _
0, @
— solution by separation of variables is possible if and only if 9,=8,=¢"

A

- Linearized equations: ¢ +[—A + aF ' (y)]¢+ ae " ¢=0
¢ —Ad=0

(3) Case 3. L =#

0%w

A 110y _
+[L—1] Y, 52

ot

2
L%}) = —g;g +alw—yle

- Using the deviation variables, 7=e*¢(z) =y —y,
w=e'Wz)=w—1—2
- Linearized equations:
¢ —Adp—ALL—1]1¢=0
¢ +[— LA+ aF (y)]¢+ae "¢=0
B.C.. ¢(0) =¢(0) =¢(1) =¢(1)=0



