Nonlinear Systems Analysis

Ill-1. Bifurcation Behavior of Single ODE systems

Objectives:

- Determine the bifurcation point for a single ODE

- Determine the stability of each branch of a bifurcation diagram

- Determine the number of steady-state solutions near a bifurcation point

Bifurcation occurs if the number of steady-state solutions changes as a
system parameter is changed. If the qualitative (stable vs unstable) behavior of a
system changes as a function of a parameter, we also refer to this as bifurcation
behavior.

- Important for complex systems such as chemical and biochemical reactors.

1. lllustration of Bifurcation Behavior
f(x,m=nx-x>=0

nk0: one steady-state

n>0: three steady-states

= n¥0: bifurcation point
(pitchfork bifurcation)

fx}




2. Types of Bifurcation

- Pitchfork bifurcation
- Saddle-node bifurcation
- Transcritical bifurcation

- Consider general dynamic equation: X =f (x,n) steady-state: 0=f(x,n)
E =0 (first derivative: Jacobian for the single Egn.)
X

Bifurcation point: f (x,m =
—> eigenvalue = 0 at a bifurcation point

Number of solutions from catastrophe theory:

ﬂf ﬂzf ﬂk-l.l: ﬂkf
f = = = = =0 d —1
b x x> x T

Example 1: Pitchfork Bifurcation
. _ 3 — _ _
X=1(X,M=nX- X" gteady state solutions: Xs0 = 0, Xg =4/M X, =-/m

Jacobian: M| _ 504 0 — | (digenvalue)
X1y, m

0

(1) nxO0: one steady-state, x,,=0, stability: stable (negative eigenvalue)



_Pitchfork bifurcation diagram

(2) n»0: three steady-states
a Xy, =0: eilgenvalue,| =n ® unstable

b.xslz\/ﬁt | =-2m ® stable

C.Xg, =- \/r_n: | =-2m ® stable e e =t

Bifurcation point: m, =0,x, =0fromf (x,m) = :TT—I( =0 3}

Number of solutions: 3 in the vicinity of the bifurcation point r3
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Example 2: Saddle-Node Bifurcation (Turning Point)
x =f(x,m) =m- x° Steady state solutions: Xg = \/El, Xgp = - \/Fn
Jacobian: f .
ﬂ— =-2X, =1 (eigenvalue)
T XMy

Bifurcation point: Mg =0,x,=0

S
2 solutions around the bifurcation point ¢g 7z 0.
(1) m<0: no real solutions e’ xem

(2) mp0: axy =+/m: | =-2,/m® stable

Saddle-node bhifurcation diagram
b.X_, =- Jm: | =2/m® unstable J

Dynamic response
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Example 3: Transcritical Bifurcation
X =f(x,m) =nx - x? Steady state solutions: Xg =0, X5, =N

e .
Jacobian: Tf =m- 2x_ =| (eigenvalue)
WXl m
Bifurcation point: Ng =0,X; =0 2 o)
RIS

2 solutions around the bifurcation point Q_ﬂxz
e

(1) m<0: ax,=0:1 =n® stable

Xs,MMy

b.X, =m: | =-m® unstable N _ _ _
Transcritical bifurcation diagram
(2) np0: a X4 =0: | =n® unstable
b.Xx,, =m: | =-m® stable I
Dynamic response 11
2 Eﬂ:mphl jll-l

Xy = 0.01 .




Example 4: Hysteresis Behavior

X =f(X,m)=u+nx- x3 u: adjustable input parameter azf 1 09

m design-related parameter gW ;
)\
(1) m=-1: Steady state solutions: U =X+ Xg’
Jacobian: ﬁ —_1- 32 always negative (no bifurcation point)

S
Tx Xs: MMy

(2) me1: Steady state solutions: U+ X - x§’ =0 for example:
X, =1(s), O(u), - 1(s) foru=0

Hysteresis behavior




Cusp catastrophe diagram Two-parameter bifurcation diagram

15 = :
-
ona fixed-poin
0.5 | pe / i
_,—'-"'_-F'_
| _|____————’f three fixed-points
= OF _____\_\_xq_“
_\-\"—\-\_
i ]
=05 RE
-1 -‘"'“"H-;_\J
-1.5 - : =
u -1 0.5 1] 05 1 1.5 2



Nonlinear Systems Analysis

I1l-2. Bifurcation Behavior of Two-State Systems

Objectives:

- Find bifurcations that occur in two-state systems (pitchfork, saddle-node, transcritical)

- Understand the difference between limit cycles (nonlinear behavior) and centers
(linear behavior)

- Distinguish between stable and unstable limit cycles

- Determine the conditions for a Hopf bifurcation (subcritical and supercritical)

1. Single Dimensional Bifurcation in the Phase-Plane
X, =f, (X,mM =nx, - X  Steady state solutions: X =(0,0) or (\/ELO) or (- \/r_n,O)
X, =f,(x,m =- X, Jacobian: :gfn- 3fo ou
g o -1
(1) mx0: one steady-state, x,=0, stability: stable

<o

(2) m=0: one steady-state, x,,=0, stability: stable
(3) mr0: three steady-states, x.=(0,0) or (\/ELO) or (- \/ELO)
U S S



Pitchfork bifurcation behavior
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2. Limit Cycle Behavior

- Center occurs in linear systems that have eigenvalues with zero real part
Different initial conditions - different closed-cycles.

- Limit cycles are isolated closed orbits in nonlinear systems.
Perturbations in initial conditions

- returns to the closed cycle - L,Imlt ,CyCIE_\ 15 — Cerlter ,
(for stable limit cycle) i ; \
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Ex) A Stable Limit Cycle
r=r(l- r2) Steady state solutions: r=0 and r=1 - r=0: unstable

N = 1 Jacobian: ﬂ =-1- 3r2 r=1: stable
q - ﬂx
(Angle is constantly decreasing. Stability of this system is determined by the first egn.)
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Ex) An Unstable Limit Cycle g
. _ 2
r=-ri-r°) Unstable limit cycle behavior
q — 1 - / 15
Steady state solutions: r=0 and r=1 | ||
Jacobian: 1 =_1+3r? : £ 0
ﬂX i) | -05
> r=0: stable A it O N
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r=1: unstable



3. Hopf Bifurcation
Remind: Point where the number of solutions changed was the bifurcation point.
An exchange of stability generally occurred at the bifurcation point.

Hopf bifurcation occurs when a limit cycle forms as a parameter is varied.

Ex) Supercritical Hopf Bifurcation Phase plane plot
X1 =X, + Xy (M- X7 - X3) 8 | §:
XZ = - Xl + Xz(m- Xf - Xg) 05 ] 05 i
] ] & 0 _./#_’_._,__.-ﬂ = 0 +
P in polar coordinates 05 | 05/
F=r(m- %), q=-1 WA S AN
- Steady state solutions: ' = 0, \/r_n, - \/ﬁ 8 p=-1 bop=1
-Jacobian: §f _ Bifurcation diagram
fix N
- Stability:
(D) n<0:r=0(stable) “os

(2) m=0:r =0 (stable) |
(3) m>0:r =0 (unstable), + ,/m(stable) At




- Determine the stability of this system in Cartesian coordinates
- Steady state: x_ =(0,0)

- Jacobian: o a‘n 3x1 g 1- 2X,X, 8|:> é 10
= &-1-2x,x, m-x2-3x33 &1 ng
- Eigenvalues: | =mtli
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