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1. Basic Statistics
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B Probability and Statistics

Needed to understand for general ssmulation
techniques

Acguaintance with notation and symbols

B Probability and Statistics in Simulation Methods
Generation of random samples from a distribution
Design of simulation experiments
Statistical analysis of smulation data
Validation of ssmulation model




1.1 Discrete Random Variables
and Their Properties s

B The Probability theory says;
Experiment — An outcome cannot be predicated with certainty
Sample Space (S) — All Possible outcome of an experiment

Examples of Sample Space :% Py
00 Y

Tossing two dice

I Tossing a die Sy ‘e
S={123425, 6} {(1,1), (1,2), ..., (6,6)}
@ /4

B A Random Variable X X | Random Varigble
Function or Rule that assigns areal number x x | Valuestaken
Can be discrete or continuous
Examples of Random Variables
; — e S0 /4 Tossing two dice
:% - ossing a die - x=7 (L6
GG Yy X :] Q:O ﬁ//
@ 4




1.1 Discrete Random Variables «
and Their Properties Deifea

B Cumulative Distribution Function Fi(x)

The Probability that arandom variable X takes on a
value longer than x oo

F(x)=P(X >x) —o0 < x <00 Probability associated with
The given condition

Properties

1) 0L F(x)<1 foradllx
i) F(x) isnondecreasang: if x, <x, = F(x,) < F(x,)
1) F (=) =0, F()=1



1.1 Discrete Random Variables
and Their Properties
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B Probability Mass Function P(x)
The Probability that a random variable X takes on the value x

P(x)=P(X =x)
Properties
1) P(x)=0 forallx

i) S TP(x)=1

B Cumulative Distribution Function and Probability Mass
Function for the outcome of tossing adie

—oco X< oo

A (x) —

X 1 2 3 4 5 6 —
Px) | 1/6 | 166 | 1/6 | 16 | 16 | 1/6 o
Fx) | 1/6 | 2/6 | 36 | 4/6 5/6 I -




1.1 Discrete Random Variables «
and Their Properties Deryeta

B Expected Vaue: E(X)
the mean average value

E(X)=Y xp(x) =

Example) The outcome of tossing adie

E(X) =1><1+ 2><1+3><1+4><1+5><1+6><1 =3.5
6 6 6 6 6 6



1.1 Discrete Random Variables «
and Their Properties Deifea

B Variance
Expected squared value of deviation of X from the mean value
The measure of how values are distributed from the mean value

V(x)=E((X -u)°)

B Standard deviation
Square root of the variance

o =4V (x)

Example

v (x) =%[(1— 3.5)2+(2-3.5)2 +(3-3.5)2 + (4—3.5)% + (5-3.5)2 + (6—3.5)| =




1.1 Discrete Random Variables
and Their Properties Deifea

* Properties

E(c) = Zcp(x) = cz p(x)=c c:constant

E(cg(X)) =D cg(x)p(x) =cD_ g(x) p(x) = cE(g(X))
c.constant g(X):afunction of X

E(gy(X)+g,(X)+..) =D (g.(x)+ g, (x)+..) p(x) =

D (&) p(x) + g, (x) p(x) +...) = E(g,(X)) + E(g,(X)) +...

V(X)=E(X -u)°)=E(X"-2uX +p°) =
E(X*)=2uE(X)+pu" = E(X*)-u’




1.1 Discrete Random Variables
and Their Properties Deifea

V(X+c)=E(X +¢)*)—(E(X +¢))?
E(X+c)=u+c

E((X +¢)®) = E(X?)+2uc+c*
V(X+c)=EX?)+2uc+c*—(u+c)*=E(X*)—u’
V(X +c¢)=V(X)

|I~ A rigid shift in distribution does not change the breadth of the distribution

V(cX)=E((cX)*)—(E(cX))*
=c’E(X?)-c*(E(X))* =cV(X)




1.2 Continuous Random Variables (
and Their Properties o

B Cumulative Distribution Function of a Continuous
Random Variable X

F(x)=P(X =x) for —eo < x < oo
F(—)=0
F(e0)=1

Weibull(1.5,6.0) Distribution

B Probability Density Function

l
. dF(.X) A /
f(x) - dx |

dF = f(¢)dt
[[ar =] r@a
F(x)=F(=)=F(x)=[_f()dt

()




1.2 Continuous Random Variables (
and Their Properties o

Properties of probability distribution function f(x)

B F(X) isnhon-decreasing function - f(x)= i—i >0
B Fe)=1 - [ f(x)dc=1

B Calculation of probability

Pla<x<b)=P(x<b)—P(x<a)=F(b)-F(a)
= I i f (x)dx-_[i f(x)dx = Jj f(x)dx



1.2 Continuous Random Variables (
and Their Properties o

B The expected value

E(X)= j xf(x)dx = p

B Properties
E(g(X)=[ g(x)f(x)dx )
E(c)=c
E(cg(X)) B cE(g(X)) All the samerelations as
>adiscrete random variable X

E(g)(X)+g,(X)+...) = E(g (X)) + E(g,(X)) +...

V(X)=E(X")-u*




1.2 Continuous Random Variables (
and Their Properties o

Uniform Probability Distribution Functions

B Consider arandom variable X , values are distributed
uniformly in the interval /a,b]
f(Xx)

B The probabilities are the samein /a,b/ 1

Plx, <X <x+Ax)=P(x, < X <x,+Ax)

I;1+Ax f(x)dx = I:mx f(x)dx

B Requirement for normalization ° "
Ibf(x)dx=cjbdx=c(b—a):l (0 v<q
’ ’ } dF (x)
f(x)= =:1/(b—a) a<x<b
1 dx
c= 0 x=b

b—a



1.2 Continuous Random Variables (
and Their Properties o

Uniform Probability Distribution Functions

B Cumulative Probability Distribution Function

T te F(x)=0 a& x=a — c=- ‘
b—a b—a

F(x)=

0 x<a
F(x)=<3(x—-a)l(b—a) a<x<b
0 x=b

B Expected Value

IKX)=f1ﬁ(ﬂdw=ﬁbfadx=bfaﬂ%J =a+b

B Variance

2 dx=a2+ab+b2 V(X)IE(XZ)—(E(X))ZI(b_a)z
—a 3 12

)

b



1.2 Continuous Random Variables (
and Their Properties o

Mapping to Different Domain

B Mapping
Pseudo random number generator (1) in /0,1] = xin [a,b]

+ —

] u'=(b-a)u

x=u+ta=(b-a)u+a




1.3 Normal Probability

Distribution Function

oooooooooooooooo

B Normal probability distribution functions

N
1 x— ) [
f(_x) = \/% eXp|:— ( 20_1‘5) :| —o K X < oo gj /'f, \‘\
Parameters: yand o 1./ — \ l

Normalization




1.3 Normal Probability
Distribution Function Dejrera

B Normal probability distribution function
Bell-shaped curve with asingle peak at x= u
The value at the peak : 1/+/27c
The value of x when the value becomes the half of the peak value

X=U+h ~ Width of the Normal Distribution
exp| -, |- N
20° | 2 = [\
a3} "l' \
h=%2In20 ~+1.1770 e [\

; . .
- -2 4 &
u



1.3 Normal Probability «
Distribution Function ”

In 2] LT
(x=p)® |, 1 = o
E(X)= FI exp{ = }dx—%jw(ﬁu)exp{ 20'2}#
B - r Mo |t
— \/%J'wtexp{ > Z}dﬁ N jmexp{ 202}27
=0+u=u
_ oy 1 " (x— )2 _(x_ﬂ)z N

VX0 =E(X -0 = [ (x-w) exp{ 5o }d -

=

V2o

=2%-2J‘°° 12 expl- 2 |t
— L

:O'2
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1.3 Normal Probability oy
Distribution Function
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B The Probability for finding X having value between x; and x,

P(x,<X<x,)= rz exp{— (xz_ g)z }dx = %rz exp|- 2 |ar
x T

——[0()-0(0)]

L Ydx < Error Functi
(D(t)—ﬁj.oexp(—x )dx < rror Function




1.3 Normal Probability «
Distribution Function Deitheta

Theruleof 3o0s
B 99.7 % of thetrial valuesfall within the range of (u—30)

and (u+30)
1 3 )} D f) 0.9973

P(,u—30£X£,u+30')=—[ (\/,) CI)(—ﬁ

Normal Distribution: 3 os

f(x)ﬂ




1.3 Normal Probability

Distribution Function et

The most probable error

. Normal Distribution: Most Probable Value

B |f thereisequal chance that
outcome will falls outside B /\
or inside of shaded region
—> most probable error

P(,u—rSXS,u+r)=% /’ \

1 roy 1 x F
[ 20 0'} (D(x/io)_Z

f(x)_

r= \/E(D_l(%)O' ~ 0.67450



1.4 Sampling Distributions
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B Suppose we are interested in functions of N random
variables X, X,,X,,... X,
X, ... Xy areindependent
X, ... X, share the same distribution

B Population sample mean

B The goodness of fit depends on the behavior of random
variable



1.4 Sampling Distributions
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B X areindependent, normally distributed variable
With common mean E(X,)=u
With common variance 7 (X,)=0"

B |t can be shown that,
X isnormally distributed variable

E()?)ZE(%Z_;Xn)Z%Z_;E(Xn)Z%;ﬂZﬂ

PO =r(EY X )= )= Y 6?2 T
N< " N*& 5" NP N

n=1

therefore, X hasamean z = ¢ and variance > = o/N




1.5 Central Limit Theorem
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H|et;
X, ... Xy areindependent
X, ... X, share the same distribution
Each X, ... X, are not normally distributed
Mean =, variance = 62
B |n nature, the behavior of variable often depends on the
accumulated effect on large number of small random
factors = behavior is approximately nor mal.
B Central Limit Theorem
X : Normal distribution
Meanvalue E(X)=u
Variance V(X)=0®IN




1.6 Central Limit Theorem and o
Monte Carlo M ethod ‘
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B In Monte Carlo Simulation, we compute a
guantity of interest by random sampling
population

B The central limit theorem can be applied

B Sampling scheme in MC ssmulation require
reduction of thevalue o—> “Variance Reduction
Technique”



2. Generating Non-uniform  EESes
Random Numbers cefcrta

B Topics
Methods for generating random numbers those obey
non-uniform probability distributions
» Discrete random variables
* The inverse function method
 The superposition method
» Thergection method



2.1 Modeling a discrete
random variables Deifea

xl’l
Py
B Method If u<p,
Divide [0,1] interval into n segmentswith | geeif o < 5 s
lengthsequal top,, p,, ..., p, X =X

Elseif ...
Generate uniform random number uin[0,1] |: >

Ifuresidep, + ... ¥ p,, <u<p,+..4p;, | giseif U<p; + ... +Pos
then choose x, as the value of x X = X4
Else
X =X,
End if




2.2 Thelnverse
Function M ethod Dot

B The Inverse Function Method

General scheme for generating non-uniform random
numbers

The method involves evaluation of indefinite integral
 cannot be applied to all types of PDF

B Methods
Y : uniform random variable in [0, 1]
transform y-> X
X are distributed according to PDF f(x)



2.2 Thelnverse
Function M ethod 2eqTta

P(y<Y<y+dy)=dy < y has uniform distribution in [0,1]
Ple<X<x+d)=[" f()dt = f(x)dx

dy = f(x)dx
y= F( x) “« Cumulative Distribution Function

x=F7(y)

1) First, we haveto find CDF, F(x)
F(x)=[_f(e)dt

i) First, we haveto find inver se function, F-i(y)



2.2 Thelnverse
Function M ethod 2eqTta

Graphical Interpretation of I nverse Function Method

The Inverse Function Method
1
F(x)
08f -
06F > g
. |
; ‘
04 L .
v \ f(x)
kd
Vv
¥l
0.2F -
b
X

0
a
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B Findinverse function for

Uniform distribution , f(x) =c, in[ab] , otherwise f(x)
=0

Exponential distribution , f(x) = aexp(-ax) for x>0,
otherwise, f(x) =0



2.3 Super position Method
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B |f CDF, F(x) can be written as a superposition of two or

more functions i
F(x)= ZCka (x)

c, >0
ick =1
B Choice of Fk(x) relies on the generation of discrete random
Integer variable Q
q 1 2 3 k

P(O=k)=c¢,

plq)| ¢ C) C3 Cr




2.3 Super position Method
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B Algorithm

Randomly pick an integer u, from 1 to m accordingtoc,,....,c,
» Use method for discrete random variables
Randomly choose avalue u,, in [0,1]

x =F' (x)

B Example ) f(x)= (3/8) (I+x°)



2.4 The generalized
I ¢l ection method Dejtheta

B Aninversion of CDF isnot an easy task

B The case when the function ssmilar to CDF Is
avallable

B Basicidea




2.4 The generalized
I ¢l ection method Dejoyeta

B The comparison function w(x)

w(x) = f(x) for all x
W (x) = f w(x)dx can be calculated analytically

J"X’ W(X) dx _ A nOt 1 The Generalized Rejection Method
= 1

W(x)

w(x)
f(x)
X
a

xxxxx

=2



2.4 The generalized
I ¢l ection method Dejtheta

H Algorithm
Generate random number « in [0,1]
then Au i1sarandom number in [0,A]
x = W(Au)
choosearandomy in[ 0,w(x) |
then, (x,y) Isuniformly distributed in w(x)
If y <=f(x) -> acceptvaue
If y < f(x) 2 rgject value
B Points are distributed according to f(x)



2.4 The generalized o

I ) ection method
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B The efficiency of generalized rejection method

. Ji f(x)dx
Eo w(x)dx

=1/ 4

B For greater efficiency, A~> 1 (Inversion method )
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B Genera Monte-Carlo Simulation Method
B Variance Reduction in Monte-Carlo Method



