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2.6 Numerical Linear Algebra

For

[8S

z =D,

Structure of A :

e full: almost all {a;;} are nonzero.

e sparse: almost all {a;;} are zero. sparse if more than 90% are zero.
Methods :

e direct: finite (predetermined) number of operation gives answer.

e iterative: method converges asymptotically.

As n — oo, solution converges.
Error :

e direct: precision error (machine accuracy)

e iterative: convergence error (depending on algorithm) + precision error
How to decide method :

1. Robustness (stability, convergence)
2. Storage requirement

3. Computational work
Computational work : operation count

e solution of upper triangular matrix

Uz=b
Unzi+ Uspxo+ st Unntn = b
U22x2+ st UQn.fEn = b2
Un—l,n—lmn—1+ Un—l,nxn = bn—l

Un,n-rn = bn
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Back-substitution:

n
. b; — Zk;:i+1 Uiy,

T = ,t=nn—1,...

Ui
For each i,
1 division
n —¢ addition
1 subtraction

n — ¢ multiplication

work = n+Z(n—i)

x % ~ O(n?)

e Multiplication of two matrices
For C=AB

i,

s=0
k=1,....,n
(3:s+aikbkj

Cij =S

FLOP = floating-point operations
s = s+ ayby; : O(n®) FLOPS

e (Gaussian elimination

aix aiz2 Aaiz aiy X1 by
Q21 Q22 Q23 QA24 T2 | by
a31 Q32 a3z aA3q x3 b3

g1 Q42 A43 Qg4 Xyq by

28
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1 000
7 (_am>: —% 1 00
=\ ap 0 010
0 0 01
Q41 a3 21
Lo (ot ) 2 (o) 20 (-12)
=4 ap /) =3t app /) a1l
= A®
af} al dff aff

2 2 2
ag; @53) a§4)

0

0 af) aff a3
0 aff aff aff
where

2 Q12
Qgg = Q22 — —— @12
a1

Number of operations

O(n?) for matrix multiplication
1

2
— total transformation for GE needs ~ %n5.

n? times matrix multiplication

Cost of sparse matrix multiplication J z.jé <=> O(n)
Cost of Gaussian elimination <=> O(n?)

Back-substitution <=> O(n?): insignificant to cost of GE
Linear equation solver :

1. Gaussian elimination
Az=b—-Uz=b
2. LU-decomposition
A LU

Two problems :

1. é,&:bi where : = 1,...,m.

Both type 1 and 2 are OK.
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2. éol = bz

LU-decomposition is superior.

— solve lower triangular set.

— solve upper triangular set — z.

Theorem Let A € ™" and let A, be FF*k matrix formed by the intersection

of first k£ rows and k columns of A. If det(A

L) #0,k=1...,n—1, then

a unique L exists with L;; = m,;; and m; = 1 and a unique Q exists with

Uij = Ujj-

Proof Suppose the theorem holds for n = k —

] c %kxk

Find m, u, and ugy.

LU LG, Ly
etk Tgk , 7Tf‘|‘ukk
Equate
L. ék =L, Gy OK
2. b= £k U= solve for u.

3. = mTQk L solve for m.

4. mTu + ugp = agp — solve for uyy.

1.
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Pivoting When does GE breaks down? a,(fk) =
Pivoting: To prevent problems with zero pivot. Search the column and move
the row with largest figure top in the unfinished part during GE.

e Partial pivoting

() _ (k)
| = pax Jay’|

e Full pivoting

(k) _ (k)
|a,y | = ;{28551 |aij ‘
k<j<n

If matrix is singular, zero pivot moves to a{") position.

When we don’t have to pivot?

1. Diagonally dominant matrix

n
|| > Z |aij
jjjfli

2. Symmetric and positive definite matrix
AT=A, 2"Az>0Vz e R"
Theorem A diagonally dominant matrix A satisfies
1. Each princial minor of A is diagonally dominant
2. A is non-singular.
Sparse matrix :

e Banded structure
e Unstructured
Pivoting of banded matrix

Partial pivoting is OK
Full pivoting is not OK (It destroys the band structure).
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2.7 FError Analysis for Linear Systems

Residual vector Residual vector r = b —
Whenr=0— Az =10
When [r|| <1 —=Az=b)

[sS

z

Example For the following matrix A and vector b

| 12060 08648 | [ 08642
102161 01441 |7 | 0.1440

_

The solution and residual vector are

1078
; T=
—107*®

It looks reasonable. But, the exact solution is

0.9911
Tr =
—0.4870

2
-2

Zexact = [

During Gaussian elimination

0.2161 0.1441

1.2969 0.8648
0.1440

0.8642 ]

1.2969 0.8648
_>
0 1078

0.8642
—2x10°8

Perturbation analysis for Az =5

Consider
Az +dz) =b+ b
Then

ASz = 0b — 6z = A'6b — ||oz|| < || A||||sb)|
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1 A
Az=b— [l < lAlllzll = 7 < w5
[ = [l
Then,
10| 1y log]
< [IA[A™
]l A 2]

33

[JA||[[|A7"]|] is the condition number and bounds relative error in x wrt

relative error in b. Condition number has the following relation.

_ A
K(4) = AIA ~ R

min

Example For the example above

At qge| 01441 —0.8648
= —0.2161  1.2969

2
|4l = gn%; |ai;| = 2.1617

A7 |oe = 1.5130 x 10°

Then,

k(A) =3 x 108

For your reference, Amax = 1.4410, A5, =~ 107%.



