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I. INTRODUCTION

In the standard least square problem, the objective is to minimize the squared Euclidean norm ||Ax - y||2 of the residual of a system

of a linear equation. However, normally the data matrices A= A(&) e R™";y = y(&) e R™ are not known exactly, and are
nonlinear function of vector uncertain real parameters& € ® . Hence, robust worst-case or probabilistic approach is used to take
into account of these uncertainties when solving least square problem with uncertainties [1, 2]. The worst- case approach is

discussed in the works [1, 3, 4]. The probabilistic framework is discussed in [1, 2]. In the worst-case approach solution of min-max
problem is sought: let

f(x.8)=]AE)-y@E) (1)
then the worst-case solution is
X', =argminmax f (x,&) 2
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From other view point, it is natural to look for a solution minimizing expected value of the LS residual:
x. =argminE,[f(x,&)] (3)

E

The problem (3) is referred as stochastic robust approximation problem in [1]. In [1], probabilistic framework consider examples
with the A, y are linear function of uncertainties since it is very difficult to evaluate the objective. In [2], the Monte Carlo (MC) is
used for estimation and optimizing the expected value of the residual. Unfortunately, the computational cost of the MC can be very
high.

The generalized polynomial chaos (gPC) [5] approach is an effective method for estimating the moment of complex quantity. In
this paper, we adopt the gPC approach for evaluation the objective and solving stochastic robust least square problems. Moreover,
the method reserves the structure of LS problem, which lead to an exact minimizer.

Il. PROBLEM FORMULATION

Assume that the & = (&, ..., &) consists of independent random parameters with probability density functions (pdf)

n n
p,(&): T, > R" .Thejointpdfis p = 1_[,0i with the support I" = H I, € R™ . The stochastic LS optimization problem can be
-1 i=1
solved using algorithm below:
e  Construct a suitable n dimension cubature with single graded lexicographic index j [5]: {&"”, w'"} 4

i=1

Q
e The expected value of LS residual is approximated as: ) f (x,&")w* (5)

=1

Note that the accuracy of the approximation in (5) is given by the degree of exactness of the cubature.
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. . . 2
e The objective has sum of square structure and can be cast into new form [6]: ||AX — Y”

(6)
with
/W(l) A(g(l)) /W(l) y(é(l’)
A= ;Y= (7

/W(Q) A((";(Q)) /W(Q) y(é(Q))

Thus, an minimizer to stochastic least square can be approximated as x‘E =A*Y ,where A* is pseudo inverse of matrix A .

Ill. SPARSE GRID

The tensor quadrature rule can become intractable due to the exponential growth of the number of functional evaluation as
dimension of random space increases. In [5],[10] quadrature rule based on sparse grid is recommended for problem with high
dimension of random space.

Starting with the one dimensional rule, the Smolyak quadrature is given by:

U%[f1=(Q,"®..®Q ) f=| | > (1)3H lQYe..eQ )

J-N+I<i<|

where (8)

fi| =i, +1, +...+1
The number of node in Smolyak is depend on dimension d and level index |.Fig.1 provides an example for comparison tensor
quadrature and Smolyak quadrature for d=3,1=5
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Figure 2:Tensor quadrature v.s sparse grid quadrature: (a):Tensor quadrature, (b):Smolyak sprase grid with Clenshaw-Curtis(CC)
as 1D integration rule
Table 1 gives number of nodes using Tensor quadrature, Smolyak quadrature with Gaussian and Clenshaw-Curtis as 1D
integration rule.
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Table 1 Number of node for different quadrature rules.
| [d=2 d=3 d=4 d=5 d=6 d=7 |
Tensor Gauss 25 125 625 3125 15625 78125

Smolyak Gauss 17 31 49 71 97 127
Smolyak CC 13 25 41 61 85 113

IV. EXAMPLES

In this section, several examples are considered for demonstration the usefulness of the proposed method.
a. Examplel

Consider the LS problem taken from [2]:
3

A=A+ EAY =[0213]
i=1

31 4 000 001 000
011 000 010 000
A):—zs 3 ’Al:oo o’Azzooo'Aszloo
1 4 52 001 000 000

160

©)

with &, are Gaussian random uncertainties with zeros mean and standard deviations o, = 0.067; 0, = 0.1;0, = 0.2.In this case, the

exact solution from theorem 1 in [2] and results to be: X =[-2.352;—2.076;2.481] . The result using gPC method is:

xgpc* =[-2.350;-2.0747;2.480] . From the results, it can be seen that the gPC method can give quite accurate results. Figure 2

shows the histogram of the residual error with normal LS solution and stochastic LS solution by gPC. From the Figure, it can be

seen that, the normal LS is more sensitive to uncertainties.
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Figure 2 Distribution of the residual error for the two solutions of least square problem in example 1

b. Example 2
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Consider LS problem taken from [1l]with dimension m=50, n=20. The data matrices have given norm as:
|A]l, = 10;|A[l, = | A ll, =1. The uncertainties U,, U, lie in the unit disk in R* .The generalize spherical coordinate is used to

transform the uniform box uncertainties to a uniform disk uncertainties [7] .The solution of stochastic least square was
obtained by the algorithm described in the previous part. The sensitivity of the solution to the stochastic least square is
illustrated in Figure 3. The sensitivity of other methods such as: Tikhonov regularized solution, robust worst-case approach [1]
are also shown in this figure. It can be seen that the distribution of the residual for nominal LS is wide spread, hence is very
sensitive to parameter variation. The robust worst-case solution gives the least sensitive solution with some trade off on the
residual value. The Tikhonnov and stochastic LS provide more flexible tradeoff between the robustness and residual errors.
Both Tikhonov and stochastic LS reserve the LS structure of the problem, while the robust worst- case approach transform the
problem into a semidefinite programming problem. More detail on the robust worst-case approach can be found in [1] and
references therein. The cubature can be obtained using existing software in [8, 9].
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Figure 3 Distribution of the residual error for the four examples of least square problem in example 2

V. CONCLUSIONS

This paper presented an alternative approach for stochastic robust LS problem based on minimization the mean of the residual with
respect to the uncertainties .By using polynomial chaos method, a cubature is obtained, then the stochastic robust LS is transform
into an equivalent deterministic LS with larger dimension. The polynomial chaos method reserves the LS structure of the problem,
hence leads to an exact minimizer. The proposed method is compared with existing techniques to demonstrate its usefulness in
several numerical examples. Due to the property of cubature with full tensorization used in this paper; the number of uncertainties
can be handle in the proposed method is small. For uncertainties with larger dimension, the sparse grid cubature [10] can be used
and this will be incorporated in future works.
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